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Abstract. We study the parameter space structure of degree d >3 one complex variable 
polynomials as dynamical systems acting on C. We introduce and study straightening 
maps. These maps are a natural higher degree generalization of the ones introduced by 
Douady and Hubbard to prove the existence of small copies of the Mandelbrot set inside 
itself. We establish that straightening maps are always injective and that their image con- 
tains all the corresponding hyperbolic systems. Also, we characterize straightening maps 
with compact domain. Moreover, we give two classes of bijective straightening maps. 
The first produces an infinite collection of embedded copies of the {d - l)-fold product 
of the Mandelbrot set in the connectedness locus of degree > 3. The second produces 
an infinite collection of full families of quadratic connected filled Julia sets in the cubic 
connectedness locus, such that each filled Julia set is quasiconformally embedded. 
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Introduction 

The Mandelbrot set consists of all parameters c e C for which the filled Julia set K{z^+c) 
of the quadratic polynomial + c is connected. In any reasonable picture of the Mandel- 
brot set Ai one immediately observes the presence of small copies of it contained in itself. 
Douady and Hubbard IDH2| gave a mathematical proof of this fact. They established the 
existence of homeomorphisms x from carefully chosen subsets M' of the Mandelbrot set 
onto the whole Mandelbrot set Ai. These homeomorphisms : M' — » AI are fundamental 
examples of what are usually called "straightening maps". The degree d > 3 analogue of 
the Mandelbrot set is called the connectedness locus C(d) of degree d. In this paper we 
propose a definition of straightening maps in the context of higher degree polynomial dy- 
namics. This involves introducing appropriate domains as well as the corresponding target 
sets and the maps themselves. In contrast with quadratic polynomials, one encounters a 
large diversity of target sets. Therefore, a greater variety of structures replicate all over 
the corresponding connectedness loci. In particular, for cubic polynomials, the target sets 
include the cubic connectedness locus C(3), the connectedness locus of biquadratic poly- 
nomials {(a, b) e C^; K{{z^ + of- + b)) is connected), the full family of quadratic connected 
filled JuHa sets AITC - {(c,z) e C^; c e M,z e K(z^ + c)), and the cross product of the 
Mandelbrot set with itself Ai x Ai. In this paper we also establish the existence of a large 
collection of embeddings of AI x AI and inclusions of AfK in the cubic connectedness 
locus. The latter restrict to quasiconformal embeddings of every quadratic filled Julia set. 

We proceed with a brief overview of our main results. The next section (Section [U 
contains a more detailed account of them, including the relevant definitions and statements. 
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The first objective of this paper is to propose a definition of straightening maps (i.e., to 
introduce the domains, the target sets, and the maps). We will work in the parameter space 
Poly((i) of monic centered polynomials of degree d > 2 with complex coefficients (i.e., 

polynomials of the formz'' + a^-iz^^ + 1- flo)- The connectedness locus C{d) of degree 

d is the set formed by all the polynomials / e Poly(t/) which have connected filled Julia 
set K(f). We consider a post-critically finite polynomial /o e C(d), with at least one Fatou 
critical point, and define a straightening map whose domain is, in a certain sense, centered 
at /o and whose target space is introduced via mapping schemata. Following Milnor IIMi4L 
one may associate to /o a combinatorial object, called the reduced mapping schema T offo, 
that encodes the dynamics along the Fatou critical orbits of /q. Polynomial maps over T are 
certain polynomial dynamical systems which act on a disjoint union of finitely many copies 
of C. The parameter space formed by all monic centered polynomial maps over T is called 
the universal polynomial model space Poly(r) ofT. The notions of Fatou, Julia and filled 
Julia sets extend to maps in Poly(r). In Poly(r), the analogue of the connectedness loci 
is the fiberwise connectedness locus C(T). The fiberwise connectedness locus C(T) will 
be the target space for a straightening map defined around /q. The domain '??(/l()) c C(d) 
will be prescribed with the aid of the rational lamination Aq of /q. The definition of the 
map involves extracting a polynomial-like map g over T from each polynomial / e 'R(A()) 
(i.e., a renormalization procedure). Polynomial-like maps over mapping schemata are a 
(straightforward) generalization of the classical ones introduced by Douady and Hubbard. 
The classical notion of hybrid conjugacy between polynomial-like maps also extends easily 
to our context. Straightening will assign to each polynomial / e !R(/lo) a map in the 
fiberwise connectedness locus CiT) which is hybrid equivalent to the polynomial-like map 
extracted from /. However, in order to avoid ambiguities, we have to introduce "external 
markings" for polynomial-like maps over T. After carefully introducing markings, we 
obtain the desired definition of the corresponding straightening mapxAg '■ fii^) — > C{T). 

Our second objective is to study basic properties of straightening maps. In contrast with 
the quadratic case, higher degree straightening maps are often discontinuous (see IJn4] ). 
Nevertheless, straightening maps are still a natural and useful tool in higher degree polyno- 
mial dynamics. Basic questions that one may ask are the following. Are straightening maps 
injective? What is the image of a given straightening map? When is the domain compact? 
When is the domain connected? We will show the straightening map;\f^„ : 'R{Ao) — > C{T), 
briefly described above, is injective and its image contains all hyperbolic dynamical sys- 
tems in the fiberwise connectedness locus CiT). Moreover, we give a characterization of 
straightenings with compact domains. These straightenings include those that arise from 
"primitive" hyperbolic post-critically finite polynomials. 

Straightening maps that arise from "primitive" hyperbolic post-critically finite polyno- 
mials are natural candidates to be onto the connectedness locus of the corresponding model 
space. We say that a polynomial /o e C(d) is primitive if, for all distinct and bounded Fa- 
tou components U, V of /o, we have that U n V - d). Our third objective is to provide 
supporting evidence for the following conjecture: 

Conjecture. If fo is a primitive hyperbolic post-critically finite polynomial with rational 
lamination Aq and reduced mapping schema T, thenxAa ■ ^(^^o) ~* C(T) is a bijection with 
compact and connected domain. 

We estabUsh the above conjecture for two large classes of cubic straightening maps: 
"primitive disjoint type" and "primitive capture type". Moreover, we show that the primi- 
tive disjoint type gives rise, via the inverse of straightening, to homeomorphically embed- 
ded copies of A1 X A1 in the cubic connected locus. Similarly, each primitive capture type. 
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leads to an injective map from the full family of quadratic filled Julia sets MK into the 
cubic connectedness locus. The inclusions of A1"7C in C(3) have the nice extra property 
that restrict to a quasiconformal embeddings of every fiber [c] x K{Qc). 

Our results also show that primitive disjoint type straightenings are bijections in any 
degree (which establishes the existence of embedded copies of A1'' ' in C{d)) and, our 
techniques might generalize to degree d > A versions of primitive capture type straight- 
enings. However, already for cubic polynomials, the above conjecture is open since our 
techniques do not fully apply for the two remaining types of cubic straightening maps 
(adjacent and bitransitive). 

In |BHe|, Buff and Henriksen showed that Kiz^ + c) is quasiconformally embedded in 
the cubic connectedness locus provided that + c has a non-repelling fixed point. The Buff 
and Henriksen embeddings are a particular case of the ones obtained via a straightening 
map of primitive capture type. In IIIn2l . the first author showed that given a degree d >2 
polynomial / e C{d) with filled Julia K{f), then there is a natural embedding of K{f) into 
the connectedness locus of degree d' , for all d' > d. Epstein and Yampolsky lEYII obtained 
embedded copies of A1 x A1 by using the intertwining surgery technique. 

As mentioned above, one of the main difficulties in the study of higher degree straight- 
ening maps stems from the lack of continuity (see HnH). The other main difficulty stems 
from the insufficient understanding of the global structure of C{d), for d > 3. In fact, 
the Douady and Hubbard techniques used in the study of the image of quadratic straight- 
ening maps break down since they are based on the "topological holomorphy" property 
of straightening (a very strong form of continuity) and on the knowledge of the global 
structure of the Mandelbrot set. As suggested by the previous paragraph, the problem of 
describing the image of higher degree straightening maps has been already addressed in 
the literature, sometimes in another equivalent language. One approach has been to con- 
struct the inverse of some straightening maps via the intertwining construction |EY|. The 
intertwining technique, which is certainly of intrinsic interest, may only solve the problem 
for a limited collection of straightening maps. Buff and Henriksen applied holomorphic 
motions techniques in appropriately chosen one dimensional slices of parameter space. 
Our approach involves a "combinatorial tuning" technique and obtaining suitable one di- 
mensional restrictions of a given straightening map which behave as in the quadratic case. 
According to Lyubich |L|, quadratic straightening may be also regarded as a holomorphic 
motion. Nevertheless, we only use the local properties of quadratic straightening to obtain 
surjectivity rather than the global properties of the holomorphic motions used by Buff and 
Henriksen. 

Acknowledgment. The authors would like to thank Mitsuhiro Shishikura, Peter Haissin- 
sky and Tomoki Kawahira for valuable discussions. 

1 . Outline of results 

The aim of this outline is to provide the reader with a self-contained exposition of the 
statements of our results. These statements involve several definitions which are introduced 
in paragraphs 11.11 through 11.91 Paragraphs 11.101 through 11.141 contain the statements of 
theorems B, C, D, E and F, which are the main results of this paper 

Recall that Poly(c/) denotes the space of monic centered polynomials of degree d > 2. 
That is, polynomials of the form z"' + Ud-izf'^^ + ■ ■ ■ + oq. Therefore, Poly((i) is naturally 
identified with C' Also, recall that we denote the connectedness locus by C{d). Ac- 
cording to Branner and Hubbard IIBrHI . C{d) is a compact subset of Poly(c:/). Although the 
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results contained in the body of the paper are stated and proved in further generality, for 
the sake of simplicity of the exposition, here we restrict our attention to straightening maps 
that arise from post-critically finite polynomial. Thus: 

For rest of this section, we let fo be a post-critically finite polynomial with at least one 
Fatou critical point. 

As usual we denote the Julia set by 7(/o), the Fatou set by F(/o) and the set of critical 
points by Crit(/o) c C. 

1.1. Combinatorially renormalizable polynomials. Given a polynomial / e C(d), the 
rational lamination Af off is the equivalence relation in Q/Z that identifies two arguments 
0, ff if and only if the external rays of / with arguments 9 and 6' land at a common point. 

Post-critically finite polynomials in C{d) are completely determined by their rational 
laminations IPol . All the constructions in this paper only depend on a reference rational 
lamination Aq. For this outline of results: 

We let /lo be the rational lamination /q. 

We say that / e C{d) is combinatorially A()- renormalizable \f Aj ^ Ao. The set formed 
by all combinatorially /lo-renormalizable polynomials is denoted by C(/lo)- 

1.2. Mapping schemata. In IIMi4l a "model" for C(/lo) is suggested in terms of the re- 
duced mapping schema T{Aq) for /q. 

In general, a (resp. reduced) mapping schema T is a triple cr, 6) where \T\ is a finite 
set, o" is a map from \ T\ into itself, and the degree function 5 is a map |r| into the integers 
with values (resp. 6{v) > 2) 6{v) > 1 for all v e 

Most of the mapping schemata considered in this paper are reduced. 

Tht reduced mapping schema T(Aiy)for Aq (or fo) is (|r(/lo)|, cr^„, (5^^) where: 

(i) |r(/lo)| - Crit(/o) n F(fo) is the set of Fatou critical points of fo. 

(ii) cr,„ : \T(Ao)\ ^ |r(^o)l where cr,„(v) = f/'(v) if (, = min{^ e N; f(v) e 

ir(^o)l). 

(iii) (5,)„ : |r(/lo)| — > N where (5,i„(v) is the local degree of /o at v. 

The number as above, will be called the return time ofv to \T(Ao)\ and will be consis- 
tently denoted by £y. 

Note that apparently T{Ao) not only depends on Aq but also in fo. However, we will 
define T{Ao) purely in terms of Ao in Section [33] 

1.3. Universal polynomial model space. Each reduced mapping schema T = {\T\,o-,6) 
determines a complex affine space Poly(r) called the universal polynomial model space 
for T. More precisely, Poly(r) consists of all maps / from |r| x C to itself such that the 
restriction of / to each component { v) x C is a monic centered polynomial map of degree 
6(v), taking values in {cr(v')) x C. For short we say that / is a polynomial map over T. Given 
/ e Poly(r), the filled Julia set K(f) of / is the set of points in |r| x C with precompact 
forward orbit. The boundary dK(f) is called the Julia set J(f) of f. We say that K{ f) is 
fiberwise connected if the intersection of K{f) with every fiber {v) x C is connected. The 
subset of Poly(r) formed by the maps / with fiberwise connected filled Julia set K{f) is 
called the connectedness locus C{T) for T. It follows that C(T) is a compact subset of 
Poly(r). We will denote the v-fiber of the filled Julia set K{f) by K(f, v). Also, we will 
abuse of notation and sometimes regard / e Poly(r) as a collection f = (f. : C ^ C)v,e|7-| 
of polynomials. 
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1.4. Polynomial-like maps over schemata. Now we generalize the notion of polynomial- 
like maps introduced by Douady and Hubbard 0DH21 . 

Consider a mapping schema T - (\T\,cr,S). Let f/' (s J/ be open subsets contained 
in \T\ X C which are fiberwise topological disks. That is, for all v e \T\ we have that 
U' n ({v) X C) = {v) X U[. and U n ({v) x C) = {v) x U,. for some topological disks 
U[„ Uv c C. A proper and holomorphic skew product over cr, 

g: U' ^ U 

{v,z) (cr(v),g„(z)) 

is called a polynomial-like map over T if the degree of gy : U[, — > Ua-(v) is 6{v), for every 
V e The filled Julia set K(g) is the set of all (v,z) e U' such that g"((v,z)) is well 
defined, for all n e N. Again we will abuse of notation and sometimes simply identify g 
with the collection (g^, : U', t/tr(i.))ie|r|- The v-fiber of K(g) will be denoted by K(g, v). 

Simple examples of polynomial-like maps over a reduced mapping schema T are ob- 
tained from polynomial maps in CiT) after restriction to an appropriate neighborhood of 
their filled Julia sets. 

Two polynomial-like maps go and gi over a mapping schema T with are said to be hy- 
brid equivalent if there exists a fiberwise quasiconformal map tfr defined on a neighborhood 
of Kigo) such that ^ ° go - g\ ° ^ and 

^(v,z) = Oa.e. on K{go). 
az 

1.5. External markings. We will show that every polynomial-like map g over a reduced 
mapping schema T with fiberwise connected Julia set is hybrid equivalent to a polynomial 
map over T . However, in order to avoid ambiguities we are forced either to work with 
the moduli space of polynomial maps over T (affine conjugacy classes of such maps) or to 
introduce external markings. For our purpose, the latter will be more convenient. Roughly 
speaking, an external marking of such a polynomial-like map g over T is a collection of 
accesses, one per fiber, to an appropriate periodic or preperiodic point in J{g). 

Definition 1.1. Let g : t/' — > t/ be a polynomial-like map over a reduced mapping schema 
T - (|r|,cr, (5) with connected filled Julia set. A path to K(g) is a path y : [0, 1] — » U' 
such that 7((0, 1]) c U' \ K(g) and y(0) e J(g). We say two paths yo and yi to K(f) are 
homotopic if there exists a continuous map y : [0, 1] x [0, 1] — > U' such that 

• f y(s, t) is a path to K(g) for any s e [0, 1]; 

• y(0, f) = yo(0 and y(l, f) = yi(0; 

• y{s, 0) - yo(0) for any s e [0, 1]. 

An access to K(g) is a homotopy class of paths to K{g). 

Definition 1.2. Let § : f/' — > f/ be a polynomial-like map over a reduced mapping schema 
T - {\T\, cr, 6) with K(g) connected. An external marking of g is a collection T - (r,.)i.£|r| 
where each is an access in {v} x C and such that T is forward invariant in the following 
sense. For every v e \T\ and every representative y,, c ({v) xC) n U' of F,., the connected 
component of g{jv) <^ U' that contains a point of J{g) is a representative of ro-(,,). 

An externally marked polynomial-like map over T is a pair (g, F) of a polynomial-like 
map over T and an external marking of it. 

1.6. Standard external marking of polynomial maps in Poly(r). Polynomial maps over 
a reduced mapping schema T are naturally endowed with a standard marking which we 
introduce with the aid of appropriately defined Bottcher coordinates. More precisely, given 
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/ e Poly(r), the standard arguments for polynomials (e.g., see IIMi3ll ) easily generalize to 
prove that there exists a Bottcher coordinate <f (at infinity) for /. That is, there exists a 
neighborhood U of |r| x (oo) in |r| x C and a conformal map ip : U ^ |r| x C of the 
form (p(v, z) - (v, (fiv(z)) such that o f(v, z) = (cr(v), (^,,(z))**''^) and is asymptotic to the 
identity as z — > oo on each fiber. 

Let A = {z € C; |z| < 1). If / e CiT), then a Bottcher coordinate can be extended 
uniquely to a conformal isomorphism 

^:(|r|xC)\/:(/)^|r|x(c\A), 

which we also denote by ip. In this case, tp is uniquely determined by / e C(T). 
For (v, ff) e |r| x R/Z, define the external ray for f by 

Rf{y,e} = {<^"'(v',rexp(27r/0)); 1 < r < oo) (v e |r|, ^ e R/Z). 

We say that R /(v, 9) lands at (v, z) e J(f) if 

lim^"'(v, rexp(2:7r/0)) - (v,z). 

r\l 

The landing theorems easily generalize to this context (e.g., see l|Mi3ll ). In particular, 
external rays with arguments in Q/Z always land (at eventually periodic points). 
For / e C(T), the collection 

(«/(y,0)),,e|r| 

of the external rays of angle naturally induces an external marking of any polynomial- 
like restriction of /. We call it the standard external marking of f. Figure[T]is an example 
of external markings of polynomial of degree 4. It has three external markings, each corre- 
sponds to some invariant external ray. The standard marking corresponds to the 0-ray (i.e., 
the horizontal one). 

1.7. Straightening of polynomial-like maps over reduced schemata. Consider two ex- 
ternally marked polynomial-like maps (go '■ U'q — > f/o,ro), igi : t/J — > t/i,ri) overT with 
connected filled Julia sets and assume there exists a topological conjugacy ij/ : Uq ^ Ui 
between go and gi. We say ij/ respects external markings if Fi - {[\p o y,,]),,e|7-| where 
(yv)ve\T\ is a representative of Fq. Note that this definition is independent of the choice of 
representative. 

Section |2] contains the following generalization of Douady and Hubbard straightening 
theorem to our context. 

Theorem A (Straightening). Let T be a reduced mapping schema and consider a polynomial- 
like map g over T. Then, there exists a polynomial map f e Poly(r) hybrid conjugate to 
g. Moreover, 

(i) IfK(g) is fiberwise connected, then f e C{T) and f is unique up to affine conju- 
gacy 

(ii) If K(g) is fiberwise connected and g is externally marked by F, then for exactly 
one f € C(T) there exists a hybrid conjugacy that respects the external markings 
F and F', where F' is the standard external marking. 

Based on the previous result which "straightens" a single polynomial-like map, we will 
define "straightening maps" from an appropriately defined domains contained in the con- 
nectedness locus. 
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1.8. Renormalizable polynomials. Recall from Section [LT] that C(Ao) denotes the Ao- 
combinatorially renormalizable locus. Under certain conditions it will be possible to ex- 
tract a polynomial-like map over T(Ao) from a given / e C{Ao). In order to be more precise, 
below, for every v e |r(/lo)|, we identify a subset K^.i f) of K(f) which we call the v-small 
filled Julia set. 

Given 6,6' e Q/Z so that the corresponding rays Rf^{6),Rf^{0') land at a common 
point (i.e., 9,ff are /Iq -equivalent) let Sectory„(0, 0'; v) be the connected component of 
C \ (Rfy(6)LlRf„(6')) that contains v. If / e C(Ao), then we denote by Sector/(6i, 6'; v) 
the connected component of C \ (R f(0) U R f(0')) such that, for all teR/Z, 

Rf„(t) c Sector/„(0, 0'; v) if and only if Rf(t) c Sector/(6i, 6'; v). 

Now we define, 

K„(f) = K(f) n Q Sector/(0,0';v). 

It follows that Kv(f) is connected and f^''{Kv{f)) = K,r^^(v)(f) (see Proposition [33 ■ 

We say that / e C(Ao) is At)- renormalizable if for all v e Crit(/o) n F(/o) there exist 
topological disks U[. (s f/,. such that A',,(/) c t/', and f'' : U[. — > Ua-,i^{v) is a proper map of 
degree <5i„(v). We denote the set of /lo-renormalizable polynomials by 'R{A(,). 
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Consider / e HiAo) and, using the notation above, we let 

t/' = {(v,z); zeU[.} 

f/ = {(v,z); zeU,} 

and gy = It follows that 

g: U' ^ U 

(v,z) i-> io-Ao{v),gv(z)) 

is a polynomial-like map over T{Ao) with (fiberwise connected) filled Julia set 

Kig)^{(v,zy, zeK.m- 
say that ^ is a A{)- renormalizcition of f. Note that g is uniquely defined over K(g), 
however there is a choice involved for the domain U'. 

1.9. Internal angle systems and induced external markings. We consistendy mark the 
polynomial-like maps over T{Ao) extracted from maps in 'R{A()). More precisely, we intro- 
duce internal angle systems for /o and describe how an internal angle system determines 
an external marking for a /lo-renormalization of every / e 'R{Aq). 

For every v e |r(/lo)| denote by jy the boundary of the Fatou component of /o that 
contains v. Since /o is post-critically finite, y,, is a Jordan curve (e.g., see [Mi3] ). Moreover, 
there exists a collection a - (a,, : y,, — > R/Z)i,£|7-(^|,)| of homeomorphisms such that: 

O'<r,,„(y)(/0^' fe)) = SA„{v)av{z) 

for all z&jv 

We call a — {a\)ve\T(Ao)\ internal angle system for /q. 

An internal angle system determines an external marking of any /lo-renormalization of 
every / e 'R{Aq). For each v e |r(/lo)| choose an argument 0,, so that the external ray 
of /() with argument 6^ lands at q'^'(O). Given a /lo-renormalization § of a polynomial 
/ e ^(/lo), let r,, be the access with representative the connected component of R f(9i,) n t/', 
that contains a point of Ky{f). We say that F = {Tv)ve\T{Ao)\ is the external marking of g 
determined by the internal angle system (ff,, : y,, R/Z)i,e|7-(,i|,)|. This external marking is 
independent of the choices involved (see Section [331 l. 

1.10. Straightening map and injectivity. Finally we are ready to define the straightening 
maps under consideration. More precisely, as a consequence of Theorem |A] we obtain the 
following result. 

Corollary. Given an internal angle system a for and f € ^(/lo), there exists a unique 
map P e C(T{A(,)) such that there exists a hybrid equivalence between P and a Aq- 
renormalization g of f, respecting external markings, where the external marking of g 
is the one determined by a and the external marking ofP is the standard external marking. 

With the notation of the above corollary, given an internal angle system a for /o, we 
say that the associated straightening map xao ■ C(Ao) CiT{Ao)) is the function defined 
hy XAoif) - P- For example, consider f)(z) = z'* - 1 as in Figure |2] There are three 
polynomials fufi, and f^ e KiAi)) such thatXAoif) is affinely conjugate to /o depending 
on the choice of the external marking of /q. Figure[3]shows two of f's and the other one is 
just the complex conjugate of the second one. 

In Section|5]we prove the following result. 
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Theorem B (Injectivity of Straightening). Consider an internally angled post- critic ally 
finite polynomial f{). Let Xao ■ f^i^o) ~> C{T{Ao)) be the associated straightening map. 
Then, Xao injective. 

1.11. Onto hyperbolic maps. To study the basic properties of the image of general straight- 
ening maps, we employ a "combinatorial tuning procedure" which is discussed in Sec- 
tion |6] 

Theorem C. Let /o be an internally angled post-critically finite polynomial such that 
'R{Ao) + and ■ fii^o) — > C(T(Ao)) be the associated straightening map. Denote 
by HypC(r(/lo)) the set of hyperbolic maps contained in C(T(Ao)). Then XAf,(f^(M))) ^ 
HypC(r(^)) and 

XA,-xt^^yvC(T{Ao)) ^ HypC(rWo)) 

is biholomorphic. 

An equivalent condition for 'RiAo) 9^ is given in Proposition l6.7l (see also TheoremlDl). 

1.12. Compactness. Compactness properties of the domain of a straightening map are 
useful to further study its image. Recall that we say that a post-critically finite polynomial 
/ e C{d) is primitive if / has at least one periodic critical point and, for every pair of 
distinct bounded Fatou components V\, Vi of /o, we have that dV\ n dV2 - 0. 

Theorem D. Let fo be a post-critically finite polynomial. Then the following statements 
are equivalent: 

(i) /() is primitive. 

(ii) c(Aq) = mo) + 0. 

(iii) 'R.{,Aq) is compact and non-empty. 
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Figure 3. Tunings of z - 1 with itself with different external markings, 
given by the external rays of angle and 1/3. 



1.13. Cubic reduced mapping schemata. There are exactly four types of cubic reduced 
mapping schemata. 

• Tadj = ({0), cr, 6), where cr(0) = and 5(0) = 3, is called a reduced mapping schema 
of adjacent type. For example, if fo is polynomial of the form + c for which the critical 
point z = is periodic, then the reduced mapping schema T{Ao) is Tadj. Observe that 
Poly(radj) = Poly(3) andC(r,dj) = C(3). 

• Tbit - ({vo, vi),cr, (5), where cr(vy) - vi-j for j - 0, 1, and 6 is constant (- 2), is 
called a reduced mapping schema of bitmnsitive type. If /o is a cubic polynomial with 
distinct critical points vo, vi lying in the same periodic orbit, then TiA^)) - Tbit- Note 
that Poly(rbit) can be identified with the family of biquadratic polynomials Poly(2 x 2) = 
{(z^ + co)^ + ci; (co, Ci) e C^j c Poly(4). Thus the connectedness locus of PolyCTbit) is 
identified with {(co, ci) e C^; (z^ + co f + ci e C(4)). 

• 2"cap = ({vo, vi),cr,5), where cr(v;) = vo for j = 0,1, and 6 is constant (= 2), is 
called a reduced mapping schema of capture type. If /o is a cubic polynomial with distinct 
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critical points vo, vi such that vo is periodic and vi is not periodic but eventually lands in 
the orbit of vo, then T{Ao) - Tcap. In this case, Poly(r) is naturally identified with C^. In 
fact, given a map / : {vo, vi ) x C — > { vq, vi ) x C in Poly(r) there exists (cq, ci) such that 
f{vj,z) - (vo,z^ + Cj). Note that K{f) is fiberwise connected if and only if cq e Al and 
ci e K{z}' + Co). Therefore, 

C(reap) = MK = {(c,z) e c e M,z e K{£- + c)). 

• 2"dis - {{vo,vi},cr,6) where cr(vy) = Vj for j - 0, 1, and 5 is constant {- 2), is called a 
reduced mapping schema of disjoint type. If /o is a cubic polynomial with distinct critical 
points Vo, V] such that both critical points are periodic but belong to different orbits, then 
T{Aq) = Tdis. It follows that Poly(rdis) is identified with Poly(2) x Poly(2) and CiTi^^) = 
MxM. 



2 

Tadj: adjacent type Tbu: bitransitive type 



Tcap- capture type Tdis- disjoint type 

1.14. Capture and Disjoint type straightenings. Using the compactness given by Theo- 
rem|D]we are able to extend Theorem|C]and describe the image of two classes straightening 
maps centered at a primitive hyperbolic post-critically finite polynomial /q. The first class 
is the generalization of the notion of disjoint type; described above in the context of cubic 
polynomials. Namely, the reduced mapping schema T consists of c/ - 1 elements which 
are pointwise fixed by the schema map. Equivalently, /o has exactly d - 1 superattracting 
periodic orbits. Note that the universal polynomial model space for T, consists of ordered 
(d - l)-tuples of monic centered quadratic polynomials which act on li - 1 copies of C. 
Thus, the corresponding connectedness locus is Al"' ^ 

Theorem E. Let fo € C(d) be a polynomial with exactly d — I superattracting periodic or- 
bits which is primitive. Then, given any internal angle system, the associated straightening 
map 

is a homeomorphism. Moreover, for all \ < ii < ■ ■ ■ < i^ < d — I and all c\, . . . ,Ck e M, 
the set 

{/ e 5R(io); XiM) = Cjfor all j = 1, . . . ,k] 
is contained in a codimension k complex submanifold S of¥o\y{d). Furthermore, if k — 
d — 2, then Xj ■ S H "RiAo) — » M extends to a quasiconformal map in a neighborhood of 

The second class is that of cubic straightening of capture type. 

Theorem F. Let fo € C(3) be an internally angled primitive hyperbolic post-critically 
finite polynomial with rational lamination Aq and reduced mapping schema of capture 
type. Then !R(/lo) is connected, and the associated straightening map 

x: 9?(/lo) ^ MK 

f ^ (XiifMf)), 
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is a bijection. Moreover, given c e M, the set 

{/e9?(^); xxiD-c] 

is contained in a one dimensional complex analytic space Sc which is locally irreducible. 
Furthermore, 

XI : nki) n ^ K{7^ + c) 
extends to a quasiconformal map from a neighborhood of "RiAiy) Pi Sc onto a neighborhood 
ofKiz^ + c). 

Note that, in the previous theorem, Sc might be a singular analytic space. In order 
have well defined quasiconformal maps with domain in Sc we need to specify a conformal 
structure. In fact, there is only one such structure compatible with the embedding, since 
around each singular point of Sc there exists a punctured neighborhood U (in Sc) and a 
conformal isomorphism from the punctured disk onto U which has a unique continuous 
extension. 

2. Polynomial-like maps 

The aim of this section is to prove Theorem lAl (see [DHl]). That is, to generalize 
Douady and Hubbard straightening Theorem to the context of polynomial-like maps over 
reduced mapping schemata. 

2.1. Proof of the straightening theorem. Let g be a polynomial-like map over a reduced 
mapping schema T. Following the ideas of Douady and Hubbard, we "paste" g with the 
dynamics of the polynomial map over T given by /o(v, z) - (cr(v), z^*''). 

Let A(r) - {\z\ < r} denote the closed disk of radius r > 0. Choose R' > R > I. Let 

y = ir| X (c \ Mr)) and 

V = fo(V) U ((in \ cr(\T\)) X (C \ Mr'))) . 

Restricting g to a smaller domain, if necessary, we may assume the domain U' and the 
range U have C' boundaries. Take a C' diffeomorphism h between A = U \ U' and 
B = V \V' such that h(v,z) = (v,hv(z)) for some h^ and h(g(v,z)) - fo(h(v,z)) for all 
z & dU'. Then consider the C' manifold S - (UuV)/h and the map / : 5 — > 5 defined by 

- ^ (g(v,z) if(v,z)eU', 
f{v,z) = i 

\fQ(v,z) if(v,z)ey. 

Applying the standard pull-back argument, we obtain a /-invariant almost complex struc- 
ture yUo on S . From the measurable Riemann mapping theorem, we obtain a biholomorphic 
map from {S,fio) onto |r| x C which conjugates / with a polynomial map / over More- 
over, since fiQ was obtained via the pull-back argument, it follows that g and / are hybrid 
conjugate. 

The uniqueness part of Theorem|A]follows from the proposition below. 

Proposition 2.1. If two polynomial maps /o, f e Poly(r) over a reduced mapping schema 
T are hybrid equivalent, then they are affine conjugate. 

Moreover, if /o, f\ G C{T) and a hybrid conjugacy respects the standard external mark- 
ings, then /() = /i and the affine conjugacy is the identity. 

Before proving the proposition let us give a short discussion about external markings 
and affine conjugacies. Below, we show that, modulo affine conjugacy, there is only one 
external marking. 
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Given a polynomial map / e C(T) consider an external marking T for (a polynomial- 
like restriction of) /. Since every access contains a unique external ray, by Lindelof 's 
theorem, we can choose a collection of external rays {Rf{v, 0,,)),,E|r| as a representative of 
r. It follows that, 

(1) 6(v)e, = 

Observe that there are only finitely many collections of angles (0,,) satisfying ([T]i- 
Now let 

A(y,z) = (^,€^"'^"1), 

and / = A^' o / o A. It is easy to check that / e C(T) and A{Rf{v, 6)) = Rf(v, 6 + 6*,,). In 
particular, A maps the standard external marking for / to the external marking (R/iv, 6^))- 
On the other hand, it is easy to check that if a collection {0v)ve\T\ of angles satisfies ([T]), 
then (R f(v, 0,.)) defines an external marking F for /. 

Now we prove the proposition and, therefore, we finish the proof of TheoremlAl 

Proof. As in the statement of the proposition we consider two polynomial maps /o, /i over 
T with hybrid conjugate polynomial-like restrictions fj : U'j Uj where j - 0, 1 . Let 
us denote the hybrid conjugacy t// : Uq — > U]. Replacing fi by an affinely conjugate 
polynomial map we may assume that iff respects the standard external markings. 
Define a homeomorphism O by 

, ii(v,z)eK(fo), 
<P(v,z) = <^ 

Upj,^^ o (pf^(v,z) otherwise. 

Clearly, O o /q = /i o O. 

As in the proof of |DH2 , Proposition 6], since ij/ respects the standard external markings, 
it follows that <1) is biholomorphic, hence affine. The affine map O conjugates two monic 
centered polynomial maps over T and it is asymptotic to the identity at infinity in every 
fiber. Therefore, O must be the identity. □ 

3. Laminations 

3.L Laminations. Laminations were introduced to the context of polynomial dynamics 
in the early 1980's by Thurston IThl . Since then they have been proven to be an useful 
object to encode the landing pattern of external rays. In this section, we briefly review the 
basic notions and results about laminations. For our purposes we will need to consider 
the well known d-invariant laminations as well as forward invariant laminations with finite 
support. The latter type of laminations are used to define "combinatorial Yoccoz puzzles" 
(compare with IIIn3l ). 

For an integer c/ > 0, we let 

Md : R/Z R/Z 
6 do. 

Two subsets A,B c £ are said to be unlinked if B is contained in a component of 
R/Z \ A (it is equivalent to A being contained in a component of R/Z \ B). Note that A, B 
are unlinked if and only if the Euclidean (or hyperbolic) convex hulls in A = {|z| < 1) of 
exp(27r/A) and exp(27r/B) are disjoint. 

Definition 3.1 (Laminations without dynamics). Let E c R/Z. An equivalence relation A 
on E is called a lamination on E if the following three conditions hold. 
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(i) A is closed in E x E. 

(ii) Every equivalence class is finite. 

(iii) Equivalence classes are pairwise unlinked. 

The support supp(/l) of A is the union of all non-trivial /i-equivalence classes. 
A lamination on Q/Z (resp. R/Z) is called a rational (resp. real) lamination. 

We will be mainly concerned with laminations that are compatible with the action of 

nid. 

Definition 3.2 (Forward invariant and cZ-invariant laminations). Let d > 1 be an integer 
and E c R/Z. Let A and A' be laminations on E and E' = mj\E), respectively. 
We say that - A' if for any /l-equivalence class A, 

(i) md(A) is a /I' -equivalence class. 

(ii) nid : A md(A) is consecutive preserving, i.e., for any component (0, 6') of 
R/Z \ A, (d6, dB') is a component of R/Z \ md{A). 

A lamination A is said to ht forward invariant if (md)*A - A. A forward invariant lamina- 
tion /I on a mrf-completely invariant set E c R/Z is called d-invariant or simply invariant. 

3.2. Invariant rational laminations: unlinked classes, fibers and critical elements. 

Invariant rational laminations will be particularly useful in this paper Recall that Cid) 
denotes connectedness locus in the space of monic centered degree d > 2 polynomials 
Poly(t/). Given a monic centered polynomial / e C{d) the rational lamination Aj of f is 
the equivalence relation on Q/Z which identifies two rational arguments if and only if the 
corresponding rays land at a common point. According to |Ki|, an equivalence relation A 
on Q/Z is the rational lamination of some / e C{d) if and only if /I is a li-invariant rational 
lamination. 

Rational laminations allow us to establish when distinct polynomial share certain dy- 
namical features. Therefore, it is natural to define some subsets of dynamical and parame- 
ter space in terms of rational laminations. Given a d-invariant rational lamination A, let 

C(A)^{feC{d)-AfZ^A]. 

Note that this set is always non-empty IkH . 

The sets C{A) have already deserved a lot of attention. When A is the rational lamination 
of a polynomial with all cycles repelling (equivalently, A is maximal with respect to the 
partial order on c/-invariant rational laminations), C{A) is a "combinatorial class". In degree 
2, the MLC conjecture asserts that combinatorial classes are singletons. In degree 3, there 
are some combinatorial classes which are non-trivial continua [He J . However, it is natural 
to conjecture that in any degree, each combinatorial classes is contained in an analytic 
subspace of Poly(ii) of codimension (at least) 1 (see [In21). 

This paper is mainly concerned with C{A) for invariant rational laminations A which 
are not maximal. In degree 2, following Douady and Hubbard, these sets coincide with 
homeomorphic copies of the Mandelbrot contained contained in the Mandelbrot set M. In 
order to compare C{A) with its model we employ a renormalization procedure. A first step 
towards renormalization is to cut dynamical space into sectors and the filled Julia set into 
pieces. 

Definition 3.3 (Admissible). Consider a polynomial / e C{d). We say that a lamination A 
on E c Q/Z is admissible for f if for every pair of distinct arguments 6 and 6' which are 
/l-related, we have that they are also /l/-related. 
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Note that C(A.) exactly consists of all the polynomials for which the invariant rational 
lamination A is admissible. Admissible laminations will allow us to cut the dynamical 
space into sectors and the filled Julia set into fibers (compare with BSchI ). 

Definition 3.4 (Sectors and fibers). Let / e C{d) and /I be a lamination on £ c Q/Z that is 
admissible for /. Consider a set L c R/Z which is unlinked with every non-trivial /l-class. 
If 6 and 0' are distinct /l-equivalent arguments, we denote by 

Sector(6l,6l';L) 

the connected component of C \ {Rjid) I) Rf(9')) which contains every external ray Rf{t) 
with t e L. Moreover, we define the A-fiber of L by: 

Kf(L) = K(f) n Pi Sector(6', 6';L). 

Our main interest now is when A is an invariant rational lamination and the sets L above 
are, in a certain sense, as large as possible. That is, when L are "unlinked classes". 

Definition 3.5 (Unlinked classes). Let /I be a cZ-invariant rational lamination. We say 
6, ff e R/Z \ Q/Z are /l-unlinked \f 9 - 9' or for any /l-equivalence class A, 6 and 9' lie in 
the same component of R/Z \ A. 

Observe that, by definition, unlinked classes are contained in R/Z \ Q/Z. Moreover, 
the /l-unlinked relation is in fact an equivalence relation. Infinite /l-unlinked classes are 
closely related to the concept of gaps introduced by Thurston. 

In order to visualize the unlinked classes of an invariant rational lamination it is conve- 
nient to consider the real extension of a rational lamination. 

Definition 3.6 (Real extension). Given a lamination AonE c R/Z the real extension A of 
A is the smallest equivalence relation that contains the closure /I of /I in R/Z x R/Z. 

According to llKil . the real extension of an invariant rational lamination is an invariant 
real lamination. 

For example, consider a polynomial / with locally connected Julia set and such that the 
following technical condition is satisfied. No critical point with infinite forward orbit lies 
in the boundary of a bounded Fatou component (e.g., / is post-critically finite). Then, the 
real extension of the rational lamination Aj encodes the landing pattern of all the external 
rays of /. That is ^/ identifies two arguments 9 and 0' if and only if the external rays R f(9) 
and Rfi ff) land at a common point. In this case, L is an infinite /l-unlinked if and only if 
there exists a bounded Fatou component V such that L is the set formed by the arguments 
of all the irrational rays landing at dV. Finite unlinked classes are irrational equivalence 
classes of Aj and correspond to external rays landing at a common point, with infinite 
forward orbit. 

The main properties of /l-unlinked classes and their fiber is summarized in the proposi- 
tion below. Before we state the proposition let us agree that if X,Y <z C and f : X Y 
is a surjective map defined and holomorphic on a neighborhood of X, then we say that 
the degree of f : X ^ F is ^ > 1 if every point in Y has 6 preimages on X, counting 
multiplicities. 

Proposition 3.7. Consider a d-invariant rational lamination A and f e C(/l). Let L be a 
A-unlinked class. Then 

(i) niiiiL) is a A-unlinked class. 

(ii) f{Kf{L)) = KfimaiL)). 
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(iii) If L is finite, then 

(a) L is a A-class. In particular, L is wandering (m'^(L) + m"J(L)for any n + m). 

(b) nid '. L ^ nidiL) is 6 — 6(L)-to-one for some 6 > I. 

(c) The degree off : Kf(L) — > Kf(md(L)) is well defined and exactly 6(L). 

(iv) IfL is infinite, then 

(a) L is eventually periodic ( i.e., there exists n > Q and { > such that nfj^\L) — 
m',{L)). 

(b) //m«(L) = L, then 6"(L) > 1, where 6"(L) = Ili^d ^(m^'/L)). 

(c) L/A is homeomorphic to R/Z. Moreover, if (6,0') is a connected compo- 
nent of R/Z \ L, then 6 and 6' are in Q/Z and A-equivalent. Furthermore, 
(md(6),md(6')) is a connected component of md(L) ormd{9) — md(6'). 

(d) md : L ^ md(L) induces a map nid : L/A ^ md(L)/A, which is conjugate to 
the 6-fold covering map ms : R/Z — > 'R/Z for some 6 — 6{L) > 1. 

(e) Assume further that for any A f -class A and any A-unlinked class L' such that 
A n L = and md(L') — md(L) we have A H L' =0. Then the degree of 
f : Kf{L) — » Kf(md(L)) is exactly 6{L). 

The reader may find the proof of the above proposition at the end of this section. 
The following examples show that the further assumptions in property |(iv)(e)| are nec- 
essary. 

Example 3.8. 1 . Consider a family Paiz) - ar' - (a + l)z^ + 1 of cubic polynomials having 
a period two superattractive cycle {0, 1). Let /o - Pa^ and f = Pn, where aq = -1/4 and 
ai — (see Figure|4|. The critical point - ^^^^ is mapped to for /o and for fi, 

it is mapped to the fixed point which is the intersection of the closures of the immediate 
basins of and 1 . 

Although Aq = /i/o is admissible for f\, the polynomial f\ is not /lo-renormalizable. In 
fact, let L (resp. L') be the /lo-unlinked class whose /lo-fiber for /o contains (resp. Ca,,). 
Then, we have Kf^(L) n Kf,{L') = {co, ). Therefore, Kf^iL) contains both of the critical 
points and any proper extension of f\ : Kj\ (L) — > K/^ (L') to a disk would have degree 3. 

The assumptions of |(iv)(e)| do not hold. In fact, let L" be the /l-unlinked class distinct 
from L' such that nidiL) = md(L"). Note that L" f\L' Also, observe that Aq = L n L' 
is a /to-class. The /(/, -class 

A = Ao U (Z" n V), 
formed by the the angles landing at c„, , intersects both L and L" . 

2. Let us now illustrate a more complicated situation in which the assumptions of |(iv)(e)| 
fail to hold. Namely, the assumption fails for a /lo-class A intersecting the closure of a 
/lo-unlinked class L. However, L is the unique critical /io-unlinked class whose closure 
intersects A. 

Letgo(z) = 2.959.. . -H 2.418. ..z^ + 0.4590.. .z^ andgi(z) = -1.258. . .z -h 0.06411. ..z^ + 
0.4047. ..z^ -I- 0.08182. ..z^ (see Figure |5]). They are odd polynomials of degree 7. The 
critical points of are (double critical point), +ci - +i and ±C2 = +1.662.../, which 
satisfy ^o(O) - 0, go(±ci) - ga{+C2) - +ci. In particular, is post-critically finite and 
hyperbolic. For g\, the critical points are +c\ - +/, iCj - ±1.793.../ and +C3 = ±0.8265... 
and we have g\{+c\) - +c\, g\(+C2) - and g2{+Ci) - +C3. Furthermore, we have 
Agj D Let L be the /lg„ -unlinked classes such that c\ e Kg„{L) for / = 1,2. Then Kg, (L) 
contains both ci and C2, so similar to the previous example, this implies the conclusion of 
|(iv)(e)| does not hold. 
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Figure 4. Yoccoz puzzles and the rational laminations for the monic 
centered polynomials affinely conjugate to /^(z) - az^ - (a + l)z^ + 1 
for a = -1/4 and a - = -0.3423... Dots indicate critical points. 



Observe that there are two bifurcations from go to ^i: The first one is that period two 
points collapse at the origin and new landing relations indicated by the light gray regions in 
the picture of the rational lamination for g\ appear. The second is that the critical points iCj 
hit the origin, the corresponding landing relations are indicated by the dark gray regions. 

Below we combinatorially and abstractly describe the "location" and "orbit" of the crit- 
ical points. 

Definition 3.9 (Critical elements and orbits). Let /I be a li-invariant rational lamination 
and A its real extension (Definition 13. 6t . If A is a l-class, then 5{A) denotes the degree of 
niii : A ^ nidiA). If A is a 1-class with 5{A) > 1, then we say that A is a Julia critical 
element of A. 
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Figure 5. Yoccoz puzzles and the rational laminations for the monic 
centered polynomials affinely conjugate to go(z) - 2.959. ..z^ + 
2.418. .. 2^+0.4590.. .z^andgi(z) = -1.258. .. z+0.06411...z3+0.4047...z5+ 
0.08182. ..z^. Dots indicate critical points. 



If L is an infinite unlinked /l-class, we say that d(L) is the degree of L where 5{L) is 
the number obtained in Proposition 13 .7 |(iv)(d)| If S{L) > I, then we say that L is a Fatou 
critical element of A. 

We denote by Crit(/i) the collection formed by all the critical elements for A. The post- 
critical set and critical orbits of A are: 

PC{A) = {m%C); C e Crit(i),« > 0) 

COiA) = Crit(i) U PC{A) 

It follows that 

CeCrit(i) 

[IkH Lemma 4. 101. 
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Definition 3.10 (Hyperbolic and post-critically finite laminations). An invariant rational 
lamination A is hyperbolic if it has no Julia critical element. An invariant rational lamina- 
tion A is post-critically finite if every Julia critical element is contained in Q/Z. 

It follows that a hyperbolic invariant rational lamination is the rational lamination of 
post-critically finite hyperbolic polynomial. Also, a post-critically finite invariant rational 
lamination is the rational lamination of a post-critically finite polynomial llKil . 

3.3. Renormalizations. 

Definition 3.11 (Mapping schema associated to Ao). Consider an invariant rational lami- 
nation Aq. 

• Let |r(/lo)| be the collection formed by the Fatou critical elements v of Aq. 

• Let (Ta,, '■ \T(Ao)\ — > |r(/lo)| be the map such that cr^i|,(v) = v' if n/j(v) - v', for 
some {y > 0, and w^(v) i \T(A())\, for all < ^ < A - We say that fy is the return 
time of V. 

• Finally, let Sx^ ■ \TiAo)\ — » N be the corresponding degree map. That is, 5i„(v) - 
We call 

T(Ao)^(\T(Ao)\,cr,„6,„). 
the reduced mapping schema of Aq. 

Definition 3.12 (Renormalizable and renormalization). We say / e C(/l()) is Ao-renormalizable 
if, for every v e |r(/lo)| there exist topological disks t/,' and t/,, such that 

is a polynomial-like map over T(Aq) with fiberwise connected filled Julia set 

K(g)^ U {v)xKf{v). 

We call g a Aq- renormalization of /. We denote by '??(/lo) the subset of C{Aq) formed by all 
the /l()-renormalizable polynomials. 

The above definition is stronger than that in the outline (Section[T]), but they are in fact 
equivalent. 

Proposition 3.13. Let f e C{Aq). If there exist topological disks U[. and t/,, for each 
V e |r(/lo)| such that Ky{f ) c U[, and g - ij^'' : U[, — > t/o-.|„(v))ve|r(io)l ^ polynomial-like 
map over T{Aq), then g is a Aq- renormalization of f. 

Proof. It suffices to show Kjiy) - K{g, v). By construction, we have Kf(v) c K(g, v). 
Since v is an infinite /lo-unlinked class, Kf(v) is a full continuum. For v periodic of period 
n by nid, let U'J - f^"{Uy) n f/',. Then /" : U'J — » Uy is a polynomial-like map and its 
filled Julia set is K{g, v)). Hence K{g, v) is the smallest full continuum in U'J completely 
invariant by /" : t/" Uy. Therefore, .^^/(v) D K{g,v). For preperiodic v e |r(/lo)|, we 
need only take a backward image of K{g, v') where v' = cr*^(v) is periodic. □ 

In order to extract polynomial-like maps with an external marking it is convenient to 
"internally mark" the invariant rational lamination Aq. 

Definition 3.14 (Internally angled). An internally angled invariant rational lamination Aq 
is a pair (Aq, (a,, : v — > R/Z)y(=|7-(^„)|) such that 

(i) ay induces a homeomorphism from v/Aq to R/Z. 
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(ii) aa-,,^(„)(d0) = 6Aa(v)aA0) for Oev. 
We call (ai)ye\T(Ao)\ internal angle system. 

The existence of internal angle system is guaranteed by Proposition 13. 71 An internally 
angled invariant rational lamination determines an external marking the /lo-renormalization 
of every / e 

Definition 3.15 (Induced external marking). Let {A^),{a^. : v — > R/Z)y(=|7-(i|,)|) be an inter- 
nally angled invariant rational lamination. For each v € |r(/l())| choose an argument 0,, 
in Q'^'(O). Given a /io-renormalization g of a polynomial / € "R(/lo), let Fi, be the access 
with representative Rf{0v) n U[,. We say that F = (Fi,)ye|7-(^|,)| is the external marking of g 
determined by the internal angle system {a^ : v — » R/Z)yg|7(^„)|. 

By Lindelof Theorem, the external marking of g determined by an internal angle system 
is independent of the choices involved in the definition above. 

Lemma 3.16. Let Aq be an invariant rational lamination. Let g be a Ao-renormalization 
off e "RiAo) and F an external marking of g. Then there exists an internal angle system a 
such that the external marking determined by a is exactly F. 

Proof. Let fi - (J3v) be an internal angle system for Aq. Consider the straightening of g 
that maps the external marking induced by /3 onto the standard marking of P = XAo(g)- 
It follows that F is mapped onto an external marking of P determined by a collection of 
external rays {Rp{Oy,v)). Now the internal angle system a = (ff,, = j6,, + 0,,) is such that 
the induced external marking F„ of g maps onto the external marking of P determined by 
(Rp(0,., V')). Therefore, F = F„. □ 

3.4. Proof of Proposition 13.71 Most of this proposition is already proved in fK? Sec- 
tion 4] and ||In31 Section 3]. In fact, it only remains to establish properties |(ii)||(iii)(c)| and 

It is convenient to consider a (countable) set M contained in Aq c Q/Z x Q/Z formed 
by the "image" of non-trivial relations. More precisely, 

M = {(d0, d0') e ^o; + 0' , (0, 0') e A^)). 

Given a /lo-unlinked class L, the invariance of /Iq implies that: 

Kfimd(L)) ^ K(f) n f] Sector(0,0';»v(L)), 

(e,e')eM 

Kf(L)^K(f)n f~] S'me')), 

(efi')eM 

where 

S'((0,0'))^ Pi Sector(6»i,02;L) 

(ei,92)eAo, de^=e, 492=6' 

is the intersection of all the components of /"'(Sector(0, 0';md(L))) containing /?/(0) for 
some e L. 

Now |(ii)| follows, after countable intersection of the equation, 

/ {S'(0,0')) = Sector(6l, 0';mdL)), 

which holds for all (0, 0') e M. 

To prove [(iii)(c)[ we assume that L is finite and recall that, by |(iii)(a)l L c (R \ Q)/Z. 
Hence Kf{L) c S'{{0,0')) for all {0,0') e M. Since, / : S'{(0,0')) SeaoT(0, 0' ; md(L)) 
is a proper map for all {0, ff) e M, property [(iii)(c)| follows. 
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Now assume L is infinite and satisfies the assumption of |(iv)(e)] Let Ml - {{9, 0') G 
M; e, 6' e m(L)] and for each (6, 6') € Ml, let 

M[(6»,6i') = {(01,6*2) e M; dO^ = 0, = 9', 9j e I, (; = 1,2)). 

Then we have 

KfinidiL)) ^ K(f) n Q Sector(0,0'; mrf(L)), 

(fl,fl')eMi 

Kf(L)^K(f)n f] S"(9,9'), 

(9,9')eML 

where 

^"(fl,^')^ Pi Sector(6l,6l';L). 

The assumption guarantees that, for all (9, ff ) e Ml, each component of {Kf(md(L))) 
is either contained in or disjoint from S" {9, 9'). Hence, for all (6*, 0') G Ml, 

f : r'(/:/(mrf(L))) n S"(9,9') ^ Kf(md(L)) 

has degree at least (5(L). After taking a countable intersection, property r(iv)(e)| follows. □ 

4. YOCCOZ PUZZLES 

First, we introduce combinatorial Yoccoz puzzles in terms of laminations, then we de- 
fine Yoccoz puzzles corresponding to a combinatorial Yoccoz puzzle. See IJn3J for more 
details. 

Throughout this section we fix an integer d >2. 
4. 1 . Combinatorial Yoccoz Puzzle. 

Definition 4.1. A combinatorial Yoccoz puzzle A - is a sequence of rational 

laminations with finite support such that: 

(i) If 6* G supp(Ao), then 9 is periodic under w^. 

(ii) If A is a Ao-class, then m,/(A) is a Ao-class and mj : A — > ot^(A) is consecutive 
preserving. 

(iii) (md).Aj;+i = A^ for any ^ > 0. 

(iv) If A is a non-trivial -class, then md{A) is also a non-trivial A^-class. 

We say that supp(A) = IJ*: supp(A,t) is the support of A. 

A Aj-unlinked class is a combinatorial puzzle piece of depth k. The collection of all 
depth k combinatorial puzzle pieces is denoted by X.k{^)- 

We say that a combinatorial Yoccoz puzzle A is admissible for a lamination A if A^ c A 
for all k >Q. We say A is admissible for a polynomial f G C(d) if A is admissible for Af. 

We state, without proof, the following rather straightforward properties of combinatorial 
puzzles. 

Proposition 4.2. Let A — (A,t)t be a combinatorial Yoccoz puzzle. Then 

(i) {supp(Ai.))t /ormi an increasing sequence in Q/Z and supp(A) is completely in- 
variant under mj. 

(ii) For all k > 0, if L is combinatorial piece of a depth k + I, then there exists a 
unique combinatorial piece L' of depth k such that L c L' . 
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(iii) For all k > 0, if L' is a depth k + I combinatorial piece of a depth k + \, then 
md(L') is a combinatorial piece of depth k and mj : L' — > md(L) is 6-to-one for 
some 6 > \. 

(iv) Let L be a combinatorial piece of depth k, for some k > 0. If 6 e dL, then for all 
k' > k, there exists a unique combinatorial piece L' of depth k' such that L' <Z L 
and 6 e dL' . 

(v) Let L\, . . . ,L„be a complete list ( without repetitions) of the combinatorial puzzle 
pieces of depth k. Let Ci, . . . , C,„ be a complete list (without repetitions) of the 
Ak-critical classes. Then, 

n m 

Y}5{Ld-\) + Y}&{Cj)-\)^d-\, 

i=\ j=i 

where, for A — L; or Cj, the number 6(A) denotes the degree ofm^ : A — > mj(A). 

For a combinatorial puzzle piece L, we denote by 6(L) the degree of m^ : L md(L). 

4.2. Yoccoz Puzzle. Let / be a monic centered polynomial with connected Julia set and 
associated Bottcher map ip : C \ K(f) ^ C \ A where A - {\z\ < 1). For r > 0, the Jordan 
curve 

£/(r) = ^-'({zeC\A; k| = exp(r))) 
is called the equipotential of level r. The open topological disk bounded by Ef(r) will be 
denoted by Df(r). 

Fix r > 0. Let A - (A^) be an admissible combinatorial Yoccoz puzzle for / € C(d). 
We define the depth k Yoccoz puzzle for (/, A) as follows. Given a combinatorial puzzle 
piece L of depth k, let 

Pk(f, L) = Df(r/di') n Pi Sector(6i, 6I';L) 

be the puzzle piece of depth kfor (/, A) associated to L. We omit k and/or / when clear by 
context. Recall that we denote the collection of combinatorial puzzle pieces of depth ^ > 
by -Ck(A). Similarly we let 

n(/,A) = {P(L); Le£,(A)} 

be the collection of all puzzle pieces of depth k. That is, the Yoccoz puzzle of depth k for 
(/,A). 

Remark 4.3. The interior of a puzzle piece is not connected in general. A "degenerate" 
puzzle appears when two distinct Ai:-classes A, A' are contained in the same /l-class. There- 
fore, our definition of puzzle piece does not coincide with the usual one (i.e., the closure 
of a bounded component of the complement of a suitable graph constructed with equipo- 
tentials and external rays). 

Example 4.4. L Let c = -0.1010... + 0.9562.../ and f(z) = z^ + c, so that a = f\c) is the 
alpha fixed point (i.e., the fixed point which is not a landing point of R y (0)). Figure|6]shows 
its Julia set with its Yoccoz puzzles and (a part of) its lamination. The rational lamination 
Af of f properly contains the rational lamination of Douady's rabbit (say Aq). In fact, the 
critical value c has the same landing angles of the alpha fixed point, i.e., 1/7,2/7,4/7. 
Thus the critical point has six landing angles, consisting of two /lo-equivalence classes. 

The lightgray region in the right picture indicates the landing relation for the critical 
point 0, which is not contained in the lamination of Douady's rabbit. The Yoccoz puzzles 
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Figure 6. The Julia set and a "degenerate" puzzle for + c with c = 
-0.1010... + 0.9562.../. 



for /, determined by the lamination of Douady 's rabbit (namely, let E/^ be the set of landing 
angles for f^'^ia) and = /IIej), is such that the puzzle piece of depth 4 containing has 
two interior components. 

2. Let foil) ^z" + az^ where a = 1.502... - 0.7790.../ and let /i(z) ^r'-ZIAz- 
(Figure |7]i. There are two superattractive cycles of period one and two for /o, and /i has 
two superattractive cycles of period two. Observe that A/g c A/^. Every non-trivial class 
of Afg eventually maps onto the fixed class formed by the angles 1/4,5/8. As above, we 
consider the Yoccoz puzzles (Ak) determined hy Af^. The puzzle piece for /i of any depth 
corresponding to the fixed superattractive basin for /o has disconnected interior (and the 
number of components increases as depth increases). 

3. Similarly, the polynomials /i and in Example l3.8l are also examples having degen- 
erate puzzle pieces. 

Proposition 4.5. Let A — (A^) be an admissible combinatorial Yoccoz puzzle for f € C{d). 
For all k>0, let 

r, = Efir/d') U y Rj(ff). 

e£SUpp(Ai:) 

Then the following statements hold: 

(i) If L is a combinatorial puzzle piece, then P{L) is compact, connected and full. 
Moreover, the interior of P(L) is the union of all the bounded components of 
C \ Fj: which intersect Rf(0) for some 6 e L. 

(ii) Pkif, A.) is a partition ofDf(r/d''), i.e., depth k puzzle pieces have mutually dis- 
joint interior and 

Dfir/d") = U P. 

(iii) If combinatorial puzzle pieces L and I! satisfy L C L' , then P(L) C P(L'). 

(iv) IfL is a combinatorial puzzle piece of depth k > I, then f(P(L)) — f (ot,/(L)) and 
f : intP(L) — > intP(mrf(L)) is a proper map of degree 6{L). 
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Figure 7. Yoccoz puzzles and the rational laminations for /o(z) = +az^ 
(a = 1.502... - 0.7790.../) and /i(z) = _ 3/4^ _ ^;Y4 



For the proof, see BIn3l Proposition 4.1]. This proposition implies that our puzzles 
have similar properties as the usual Yoccoz puzzles (defined by the closures of bounded 
components of C \ Fj^) and moreover, their properties can be described only in terms of A. 

4.3. From combinatorial puzzles to laminations. Combinatorial Yoccoz puzzles are 
particularly suited to study the smallest invariant rational lamination for which they are 
admissible. 

Definition 4.6. Let A - (A^) be a combinatorial Yoccoz puzzle. The rational lamination 
A(A) generated by A is the smallest equivalence relation in Q/Z containing the closure of 
UA^ in Q/Z X Q/Z. 

The previous definition is justified with the following result. 

Proposition 4.7. For a combinatorial Yoccoz puzzle A — (Ak)k>o, the rational lamination 
/i(A) generated by A is an invariant rational lamination. 
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Proof. First, it is clear that /l(A)-classes are pairwise unlinked. Applying the argument for 
the claim in the proof of llKil Lemma 4.7] to our case, we have the following: 

Claim. If 9, ff e Q/Z are /l-related but not /1-equivalent, and if 9 is periodic by d, then ff 
is periodic of the same period. 

If A is a /l(A)-class, then m"^{A) contains a periodic angle under iterations of w^. There- 
fore, m'^(A) (hence A) is a finite set since, by the claim above, m"JA) consists of periodic 
angles of the same period. 

Now let us prove that /1(A) is closed. Assume that, for all n > 0, 9n,6'^ are A{K)- 
equivalent arguments such that 6*,, — > 9 and 0^ — » 0', as n — > oo. Then, since /l(A)-classes 
are pairwise unlinked, we may assume that these sequences are monotone. That is, 0„ \ 9 
and 0', Z' 6*'. Moreover, we may also assume that, for all n, the /l(A)-class containing 0„ 
is contained in {9„,9n-i) U (0'^ It follows that there exists some 9„ e {9n,9n-\) and 

0,' e {9n-\,9„'\ such that 9„,9'^ are /l-equivalent. Hence, 9,9' are /l-related and, therefore, 
/l(A)-equivalent. 

It remains to prove that (m^),/l(A) = /1(A). It is clear that for a /l(A)-class A, nidiA) is 
contained in a /i(A)-class B. Assume there exists 9'q e B \ m,/(A). Take 9i,92 e A such 
that {d9i , d92) is the component of R/Z \ md{A) containing 9'^. We may assume 9'q and d9i 

are /l-related (because either 9i ~a(A) nim[(d9i,d92) Pi B] or 92 ~a(A) niax[{d9i,d92) n B] 
holds). Then there exists 6*^^^ y 9'^ and 9'^ \ d9i such that ff^^ and ff^ ^ are /l-equivalent. 
Let 9i^„ \ 9i be such that d9i^„ - 9'^^. Then there exists 0o„ such that d9oji = S'q„ and 
9o.n,9ij, are /l-equivalent. Since /l(A)-classes are pairwise unlinked, 0o,„,0i,„ c {9\,92)- 
Passing to a subsequence, we may assume 0o,« — > S{) and d9Q - 9'^. Then since 6*0 and 
9\ are /l-related and e either 9q - 9\ or 0o = 92, it is a contradiction. Hence 

B - nidiA) is a /l(A)-class. This argument also shows that mj : A — > »v(A) is consecutive 
preserving. □ 

Definition 4.8. Let A = (A^) be an admissible combinatorial Yoccoz puzzle for a d- 
invariant rational lamination A. We say A is a generator of A if there exists ^ > such that, 
for any combinatorial piece L of depth k which contains a /l-unlinked class in the forward 
orbit of a Fatou critical element of A, we have that 6{L) - 6{v). We call such k a separation 
depth for A. 

The next proposition shows that a generator actually "generates" a substantial part of 
the corresponding rational lamination. 

Proposition 4.9. Let A = {,^k)k>a be a generator of an invariant rational lamination A. If 
L is a Fatou critical element of A, then L is a Fatou critical element ofA(A). 

Proof. Let A' = /1(A) and observe that A' c A. Therefore, given any infinite /l-unlinked 
class L, there exists a unique /I' -unlinked class L' such that L' D L. 

Let L be a Fatou critical element of A and L' the /l-unlinked class containing L. We 
claim that U = L. For this purpose, let A; be a separation depth for A. Denote by Lk 
the combinatorial puzzle piece of depth k containing U. Thus, 5{Lii) = d{L') = S{L). 
Now assume that L is periodic under mj, say of period p. It follows that : L' ^ L' 
and m'^ : L ^ L have the same degree. Moreover, under both of these maps, the grand 
orbits of a given 9 e L coincide. Since such a grand orbit is dense in L and in L', we 
conclude that L - L' . In the case that L is preperiodic, then there exists { > \ such that 
m^J^L) - ni^J^L') is periodic and the degree of : L — > m^J^L) also coincides with the 
degree of m^^ : L' m^J^L'). Hence, L - L' . □ 
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Lemma 4.10. If A be an invariant rational lamination, then there exists a generator of A. 

Proof. Given v a /l-unlinked class in the forward orbit of a Fatou critical element of A, 
according to Proposition 13.71 (iv), for every critical element C + v of A there exists a A- 
class Ac such that the connected component of R/Z \ Ac that contains v is disjoint from 
C. Hence, there exists a collection A], . . . , A„ of /i-classes such that the following holds. 
If V is a /l-unlinked class in the forward orbit of a Fatou critical element of A and C is a 
critical element of A, then the connected component of R/Z \ Aj that contains v is disjoint 
from C, for some j - Let Eq be the periodic arguments in the m^-forward orbit 

of Ai U ■ ■ ■ U A„. For ^ > 0, let Eu - m^''(Eo) and A^. be the restriction of Ato E^ x E^. It 
follows that the puzzle A = (Aii)k>o is a generator for A. a 

5. InJECTIVITY of straightening MAPS 

This section is devoted to establish that straightening maps are injective. That is, we 
prove Theorem|B] The proof relies on the following main result. 

Key Lemma 5.1. Let Ao be a post-critically finite d-invariant rational lamination with 
reduced schema T(Ao). Iff e C(Ao), then the set 

F^K(f)\\J \J f-"(Kf(v)) 

«>0 ve\T(Ao)\ 

has zero area. 

Section 15.21 contains the proof of this lemma. In Section 15.11 we prove Theorem iBl 
assuming the Key Lemma. 

Remark 5.2. Epstein and Yampolsky fEY] first proved this key lemma for cubic polyno- 
mials constructed by intertwining surgery of two quadratic polynomials. Haissinsky |Ha3| 
also claimed the key lemma for a general intertwining surgery, but his proof contains a 
gap. (He claimed that the set denoted by Fi , in the proof below, is empty. However, Fi is 
always nonempty in the case of intertwining surgery) 

Remark 5.3. Theorem|B]often implies that the polynomial obtained through a quasiconfor- 
mal construction from a collection of polynomials is uniquely determined by the original 
polynomials, up to affine conjugacy. For example, consider the case of intertwining surgery 
by Epstein and Yampolsky [EY]. Starting with two quadratic polynomials with connected 
Julia sets they construct a cubic polynomial (called an intertwining) having two quadratic- 
like restrictions whose Julia sets intersect at a repelling fixed point. The resulting cubic 
polynomial only depends on the choice of initial quadratic polynomials and not on the 
choices made throughout the surgery. 

The first author Illn2ll used the intertwining construction to obtain a polynomial having a 
capture type renormalization. For such a construction, Theorem|B]can be applied to show 
that the resulting polynomial is uniquely determined by the initial data, up to affine con- 
jugacy. Haissinsky llHa3i also constructed intertwinings at parabolic fixed points which 
produce a non-renormalizable polynomial. However, the Key Lemma |5?T] still holds and, 
therefore, the resulting polynomial of the construction is uniquely determined by the cor- 
responding initial data, up to affine conjugacy. 

5.L Proof of TheoremlBl First, we assume the key lemma and prove TheoremlBl 

Let Ao be a post-critically finite li-invariant rational lamination and let a be an internal 
angle system for Aq. Consider two renormalizable polynomials /i,/2 e ^(/to) such that 
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X/io(/i) - ^-loC/z)' where is the corresponding straightening map. We must show that 

/l = /2. 

For the purpose of this proof it is better to extract "polynomial-like maps" g\ , g2 over 
the unreduced mapping schema for Aq. More precisely, let \T^{Ao)\ be the (forward) orbit 
of the Fatou critical elements of Aq and, for all v e |r^(/lo)|, let 6(y) be the degree of 
nid : V ^ mjiv). It follows that T^(Ao) = i\T^(Ao)\,mci,6) is a mapping schema. If 
/ e 'R(Ao), then there exists domains f/', g Uv such that g^. - f : U[, Umj(v) is a 
proper map of degree 6{v), for all v e \T^{Aq)\. Moreover, these domains may be chosen 
so that the forward orbit of (v, z) e \T^(Ao)\ x C under (v, z) i-> (mjiv), f(z)) is well defined 
if and only if z e Ky{f). We say that g - (f : U[, ^ U,„j(v))v£\t"(Ao)1 ^ unreduced 
Afj-renormalization of /. 

Now let gj = (fj : U'j^ U j,md(v))ve\T"(;if,)\ be an unreduced /lo-renormalization of fj, 
for j = 1,2. Given a hybrid conjugacy between the /lo-renormalizations of /i and /i, 
that respects the external markings, determined by the internal angle system a, it is not 
difficult to extend it to a hybrid conjugacy iff between gi and g2. That is, ^ = (^v : f^i.v — > 
U2,v)ve\T'J{Ao)\ such that, for all v g \T^(Aq)\: 



for almost every z g Ky(fi) and, 

/2°^''vfe) = ^i'md(v)°/l(2), 

for all z G f/;^. 

Let i6v)v€T(Ao) be such that, for j = 1,2, the external marking Fj of the /lo-renormaUzation 

of fj is represented by (7),v)ve|7-(^„)| where y^;,, c Rf.{9^), for all v e |r(/lo)|. Then, we may 
adjust the collection (0v)ve|r(^)| so that it extends to a larger one (0v)v£|7'^(/io)| such that 
6m^(y) = dOy, for all v g |r^(/lo)|. It follows that ij/y maps the access to Ky{f\) determined 
by (9,,) onto the access to Ky(f2) determined by Rj^iOy), for all v G \T^{Aq)\. Hence, we 
can adjust the hybrid conjugacy tj/ so that ij/y maps Rf^Ov) i~i f^i.v onto /J/^C^v) n t/2,v> for all 

V. 

Let A = (Ak) be a generator of Aq and ko > be a separation depth. We may assume 
that every Julia critical element of /lo is a A^^-class for all k > ko. As in the previous 
section, for each v g IT^C/lo)!, let Lfc(v) be the combinatorial puzzle piece of depth A: > 
for A containing v. Denote by Pkifj, v) the corresponding puzzle piece for (fj, v). For each 
V G \T'^(Afi)\, take a neighborhood V^y of Kf^(v) n intPi„(/i, v). and let V2,v = t/^v(Vi,v). We 
may choose Vi^v sufficiently small so that 

Denote by supp(/j, A^^) the set formed by the landing points of the external rays of fj with 
arguments in supp(A;to)- Shrinking Vy ^, if necessary, we may also assume that 

y~n5Pt„(/,,v)csupp(/;,A,„). 

In particular, for all v v' e \T^(Aq)\, the neighborhoods Vi^y and Vjy are disjoint and 

V~nv~:cKfjiv)nKf.(v'). 

For 7 = 1, 2 let % = Uv€|r^(^)| Vj,y. Define Oq : T^i ^ ^2 by 

0)0 = i/zy on Vi_y. 

In view of the above, we may extend quasiconformally to C such that: 

• ^oiPkoifi,L)) = Pkoifi, L) for all combinatorial pieces L of depth ko. 

• ^oiz) = (p^ °(p\ (z) for all z in C \ D/j {rjd^) where (pj denotes the Bottcher map of fj. 
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. €)o(-R/,(0,.)) = RfM') for all v € r^(^o). 

Note that <i>o is a conjugacy in an arcwise connected set So which includes all the critical 
orbits of /i. Also keep in mind that contains C \ Df^ir/d^") as well as Ky{fi) for 
all V e \T'^{Ao)\. Therefore, we may recursively define On, for n > 1, as the unique 
(quasiconformal) homeomorphism such that O,, o /i = /2 o (l)„_i which agrees with <l)„_i in 
the arcwise connected set S„-\ - /j '*(5o)- It follows that the quasiconformal dilatation 
constant of <!>„ agrees with that of Oq and, <S>„ is conformal in C \ D f^{r I d'^"^") as well as in 
for all V e \T^{Aq)\. Hence, after passing to a subsequence, O,, converges to a 
quasiconformal map Q> that conjugates f\ and /2 in the dense set (J S'n, and therefore in C. 
Moreover, O is conformal in 

y.r"(7C(|rVo)l)u(c\/:(/i)), 

n>0 

which is a full measure set in C, in view of the Key Lemma. Therefore O is affine. In 
fact, O is the identity since it is a conjugacy between monic centered polynomials which is 
asymptotic to the identity at infinity. □ 

5.2. Proof of the key lemma. The rest of this section is devoted to prove Key Lemma lSTl 
Let A = (At) be a generator of and let ^ be a separation depth. Denote by T^{Aq) 
the unreduced mapping schema of Aq as in the previous proof. 

We introduce the following subsets of the Fatou critical orbit elements of Aq (i.e., 

\T"{Ao)\): 

CO'' = {y e |r^(^o)l; Kf(v) n supp(/, A,„+i) = 0), 

CO' = |r^(^o)l \ CO". 

Denote by CO^" the set formed by the periodic Fatou critical elements of Aq. Let 

CO' P"' = CO' n C0^\ 

for / = 0, 1 (see Figure[8]l. 

In the following, for a set X c C, we denote by Comp(X) denote the set of connected 
components of X and let N^iX) = {z € C; d{z, X) < e] be the e-neighborhood of X. 

Given a subset S of \T'^{Aq)\, we let 

res 

Fix eo > sufficiently small, so that the neighborhoods N^^^CK) are pairwise disjoint for 
the components of TC/^COP"). Recall that 

F^K{f)\[j [j f-"(Kf(v)). 

«>0 ve|r(io)l 

Lemma 5.4. The following hold for almost every z & F: 

(i) lim„_>oo ll(/")'(z)ll — °° with respect to the hyperbolic metric on C \ PC(f); 

(ii) lim„^oo d{f"{z), 'KfiCO''^'')) = 0; 

(iii) there exist N = N(z) > and 'K e CompC7C/(CO''P'='')) such that f^^"(z) e 
Ne,(f"(K)). Moreover, if f^^"{z) e N,,(Kf(v))for v e C0''P", then f^+"+\z) e 
N^(Kf{niAv))). 

Proof. The assertion [(i)] is a stronger version of Mane's Lemma by McMullen (see IMcll 
Theorem 3.6]). 



30 



HIROYUKI INOU AND JAN KIWI 





Figure 8. Yoccoz puzzles of a separation depth. There are two periodic 
cycle of period two and three of Fatou components, which are colored 
black. The period two cycles corresponds to CO'^, and the period three 
cycles corresponds to CO^. 



In view of IIMcll Theorem 3.9]), for almost every point z e J{f) we have that 

lim d(f"(z),PC(f))^0. 

For all such z e F, 

lim difizl'KfiCO^")) ^ 

because PC(f) \ 'Kf{\T^{Ao)\) is a finite set consisting only of repelling periodic points 
and their backward images, and /"(7C/(|r^(^o))l) = 'K>(C0P'='') for some n > 0. Since 
'KfiCO^'^''') and 'K/iCO^''''") are disjoint forward invariant compact sets, we have 

lim d{f{z),'KACO'''^')) = 

for some / e {0, 1). 
Now assume 

(2) Hm d{f\z), 'KACO^'^'"')) = 0. 

For each v e C0°, Kf{v) is contained in the interior of the puzzle piece f (L^„+i(v)). There- 
fore we have Kf{v) € CompCK"/(CO°'P")) (i-e., Kf{v) is a component of •7C/(C0"'P"))- By 
^ and the continuity of /, it follows that there exist some N > and v e CO^ such that 
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for any n > 0, f (z) € P(Lk„+i(m"Jy))), which is a neighborhood of Kf(tn"^(v)). Let p be 
a period of v under iterations of m^. Then f'^f^iz)) belongs to a neighborhood of Kjiy) 
for all n > 0. Since Kf{v) is the filled Julia set of a polynomial-like map, it follows that 
f'^iz) e Kf(v), which contradicts z & F. Therefore, we have proved [(ii)] 

The assertion |(iii)| easily follows from |(ii)| and the continuity of /. □ 

Now we define, for each v e CO^'^", an open set N'{v) (which is a slightly smaller set 
than Ne„(Kf(v))). Each TC e Comp("7C/(C6»''P")) can be written as 

M 

m=0 

Then the set 

/ = y (KfivJ n Kfiv'J) c supp(/, A,„+i) 

mtm' 

consists of repelling (pre)periodic points (see IMcll Theorem 7.3] and Bin II Proposi- 
tion 3.4]). For each x e I, take 0(x) c Angle(x) n supp(Ai:J such that d{@{x)) = @{f(x)) 
and each component of the complement of 

r(x)= y Rf(0)'J{x} 

intersects exactly one of the Kf{vm) that contain x. Let F - IJjc^i F(x) and let Fq denote the 
union of the components of rnN^^CK) intersecting /. Then each component of ATenCTC) \Fo 
intersects exactly one of Kf{vi), . . . , Kf(vM)- Let us denote by N'{v,„) the component of 
NeoCK) \ Fo containing Kf {vm) \ L 
By construction, 

M 

(3) y N'{v„) = N^CK) 

m=l 

and N'{v) (v € CO' p") ai-e mutually disjoint. 

Lemma 5.5. Let Fo — {z € F; Lemma \5~4\ holds]. For z e Fo, we have 

(i) For all n > N(z), there exists v{z, n) e CO^''^' such that f"(z) e N'(v{z, n)); 

(ii) there exists arbitrarily large n such that md{v{z, «)) viz, « + 1); 

(iii) there exists S] > independent of z such that if m4(v(z,n)) + v(z,n + I), then 
f"^Hz) e N,,(I) andf"(z) e K,((f-\l) n 7C/(C(9'-n) \ /)■ 

Furthermore, e\ tends to zero as eo tends to zero. 

Proof. The assertion[(i)]follows from the equation Q above. If |(ii)| does not hold, then we 
would have that f"{z) e Kf{v(z, «)), for sufficiently large n (since A is a generator for Ao). 
This is a contradiction with z e Fq. Finally, |(iii)| follows from the fact that N^^(Kf{v)) \ 
N'iy) is contained in a small neighborhood of / n Kjiv). □ 

Take a small neighborhood O of I such that f{0) D O and f\o is injective. Since 
CO{f) \ 'KfiCO^'^^) is finite, we may also assume the following: 

(i) No critical value lies in (9* = (9 \ /, 

(ii) If a component of f^HO) intersects TC/^CO'-p"), then Oi n f-^I) and Oi n 
COif) are contained in 7C/(C0' p")- 

(iii) O - O* /f isa union of tori. 
Figure|9]illustrates the statement of the following lemma. 
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Lemma 5.6. There exist open subsets Ki and K2 ofO such that the following statements 
hold: 

(i) U2 H\ O and 1l\ does not intersect T. 

(ii) Each one of the open sets Hi and t(2 is a disjoint union of finitely many topolog- 
ical disks. 

(iii) Each component A of Hi contains exactly one component B of 112 and A \ B is 
an annulus. 

(iv) 'ZY2// ^ {O* n K(f))/f. In other words, there exists €2 > such that for any 
z e K(f ) n A/fjC/), there exists some N > such that f"(z) G Ofor any n with 
< n < N, f^(z) 6 1/2, and the branch of f^^ sending f^(z) to z can be 
univalently defined on the component of Hi containing f^{z) 

Proof (See Figure g]) Let K = iK{f) n (9*)// and f = (L n 0*)lf. Note that f and K 
are disjoint compact sets in O. Take a fundamental domain U for the covering projection 
(9 \ r ^ <5 \ F. Let 1/2 <£ 'i/i be neighborhoods of t/ n K{f) in (9 \ L. It is easy to see that 
we can take 1J\ and IJ2 so that they satisfy the assertion. □ 

Proof of Key Lemma \5J] It is enough to show that any z e Fq is not a Lebesgue density 
point of K(f) D Fq. 

Let ei and €2 be as in Lemma l53] and Lemma lSTSl respectivelv. We may assume ei < 62- 
For z e Fq, let 

t(z) = {n > Niz); md(v(z,n)) + v(z,n + 1)). 

By Lemma |531 we have f(z) contains infinitely many elements. For n € f(z), let 0\(z,ri) 
be the component of f^^{0 \ F) containing /"(z). By the condition [(1)] on O above, / : 
Oi{z, n) — > (9 \ F is injective. (See Figure|9]) 

For z e Fo and n € f(z), /"^'(z) lies in a ei -neighborhood of / by Lemma |53] Hence 
by Lemma |531 there exists some n' > n such that /" (z) e H2 and the branch of 
sending /" (z) to f"^^{z) is univalently defined on 'U[{z,n), where K'j(z,n) is the compo- 
nent of Kj containing /" (z). Let 'Z/,(z, n) be the component of ^"('ZY-(z, «)) containing 
/"(z). Then 'Z/,(z, «) c <9i(z, n) and y" +" : 'Z/,(z, «) — > K'.(z,n) is a conformal isomor- 
phism. Since <9i(z, n) n PCif) c (9i(z, n) n COif) - 0, there exists a univalent inverse 
branch /-« : €li{z,n) Vi{z,n) sending /"(z) to z. Therefore, /" : 1li{z,n) €li{z,n) 
and on (9, /" : 1J\{z, n) — > 'i/'j(z, «) are conformal isomorphisms (condition |(ii)| l. 

Denote by „ : Ki (z, «) C\PC{f) the inclusion and consider the following diagram: 

^^l (z, n) . 'ZYi (z, «) 'Z/; (z, n) 

C \ PCif) ^■■■>- C \ PC{f). 

Since lim„^oo ll(/")'(z)ll = °° with respect to the hyperbolic metric on C \ PCif) and inclu- 
sion does not expand hyperbolic metric, we have lim„^oo ||i'„(z)ll = with respect to the 
corresponding hyperbolic metric. By Koebe distortion theorem, this implies that the diam- 
eter 'Z/2(z, n) shrinks to zero with bounded distortion. Furthermore, since /" : Kiiz, n) — > 
tl\iz, n) is a conformal isomorphism sending 'Z/2(z, n) to U'-jiz, n), by the Koebe distortion 
theorem applied to the inverse of the conformal isomorphism /" there exists some 



COMBINATORICS AND TOPOLOGY OF STRAIGHTENING MAPS I 



COMPACTNESS AND BUECTIVITY 33 




34 



HIROYUKI INOU AND JAN KIWI 



C, C > such that 



Area(1/2fcn)\g(/)) 
Area(1/2fcn)) 



> C 



AreaCl/-fcn)\g(/)) 
AreaCW^fcn)) 



>C'. 



Here, we have only finitely many choices for K'-(z, n) since each choice is a component of 
This impUes that C and C are constants independent of z e Fq and n e 



In this section we study the image of straightening and establish that, in a certain sense 
precised below, the straightening map is combinatorially onto. 

Definition 6.1. A rational lamination over a mapping schema T = (|r|, cr, 5) is a collection 
of rational laminations A = (/lv)v€|7'| with 5(v),/lv = Ao-(v). 

For / e C(T), the rational lamination of / is the collection Aj - (/ly;v)i,e|7'| of equiva- 
lence relations in Q/Z such that: and ff are /i/_v-equivalent ifRfiy, 0) and .R/(v, 0') land 
at the same point. 

We can similarly define unUnked classes and the reduced mapping schema of a rational 
lamination over T . Hence we also define critical elements, post-critically finiteness and 
hyperbolicity of a rational lamination over T . 

Definition 6.2. Let /lo and A be invariant rational laminations. Assume Aq has non-empty 
reduced schema T{Aq) and Ao<z A. Let a = {a^ \v ^ R/Z) be an internal angle system for 



For each v g |r(/lo)|, let A^ be the equivalence relation that identifies 9 and ff if and 
only if there exist t e a~^{9) and s € a~^{ff) such that t and s are l-equivalent. Then A' = 
(^v)i'e|r(.io)| is a rational lamination over T{Ao). We say A is the combinatorial straightening 
of A with respect to (Aq, a). 

Theorem 6.3. Consider an internally angled invariant rational lamination Aq with non- 
empty reduced schema and such thafRiAo) + 0. Let x ■ 'J^iAo) — > C{T{Ao)) be the corre- 
sponding straightening map. 

If {Ay) is a rational lamination over T{Aq), then there exists f G C(/lo) such that the 
combinatorial straightening of Af is equal to Ay. 

Moreover, we have the following: 

• If f above is Ao-renormalizable, then the rational lamination ofxif) is {Av). 

• There exists an algebraic set X — X(Ao) c Poly(d) of pure codimension one such 
that'RiAo)^CiAo)\X. 

• There exists an algebraic set Y = Y(Ao) C Poly(r(/lo)) of pure codimension one 
such that ifP G CiT(Ao)) is post-critically finite, then there exists f g ??(/lo) such 
that P = xif) or P is a non-hyperbolic map contained in Y. 

Note that C(/lo) might be contained in a proper algebraic set, so it can happen that C(/to) 
is contained in X and 'R{Ao) - 0. Each irreducible component of the algebraic sets X and Y 
is defined by the existence of a parabolic periodic point of a given period, or a preperiodic 
critical point of given preperiod and eventual period. 




< 1 - C < 1 



□ 



6. Combinatorial TUNING 



Ao. 
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The proof of the above theorem is at the end of this section, as well as that of Theo- 
rem |C] As preliminary work for the proof we start by studying the action of straightening 
on rational laminations (see Lemma |63|i. Then we find an inverse for this action in The- 
orem l6.6l The last of the necessary ingredients is the characterization of laminations such 
that KiAo) + 0, contained in Proposition l6.7l which is based on the sufficient condition for 
a polynomial to belong to given in Lemma lS.lOl 

6.1. Combinatorial straiglitening and renormalized lamination. 

Lemma 6.4. Assume that is an invariant rational lamination with non-empty reduced 
schema. Let a — (c,, ; v — > R/Z) be an internal angle system for Aq. Consider the 
corresponding straightening map x '■ f^iAo) — > C(r(/lo)). Given f e 'R{Ao) and let A'^ — 
{Av)vs\T(Aa)\ be the combinatorial straightening of Af. 
Then, for all v e |r(/lo)|. 

Proof. Let g - (f^^ : U[. — > U,ji(v)) be a /lo-renormalization. Let P - xig) ■ \TiA())\ x 
C \T(Ao)\ X C be the straightening of g via the fiberwise quasiconformal conjugacy 
f „ : £/,, il/,.(U) c {v} X C. Let i^,, : C \ K(P, v) ^ C \ A be the Bottcher map. Given 

V e \T(Ao)\ and 61 e V n Q/Z, denote by € R/Z s dA the "landing point" of the arc 
(fir o if/yiRfiff) n f/,,). That is, the closure of this arc intersects cJA at a point with argument 

We claim that y6,, and c,, coincide in v n Q/Z. In fact, these maps at least coincide at one 
point, since i/^,, respects external markings. That is, if ayiOo) - 0, then PviOo) - 0. Now 
we observe that the set of arguments where ao and ySo coincide is forward invariant. More 

p 

precisely, let A c v be the largest set such that mJ(A) - {6} where Q'o-^(,.)(0) — Pa-i(v){S) — 0. 
Notice that /3a-j(v) ° mj = ° /3v and aa-j(v) om^ - OT5^(v) o a,.. Therefore, a,.(A) - /3i,{A). 
Also, the cyclic order of the arguments in A is preserved by each of the maps a^, and 
Therefore, a, (0) = /3v{0), for all e A. We may recursively repeat this argument in order 
to conclude that a,, and /3i, coincide at a set C such that ay(C) is dense. It follows that a^, 
and y6,, agree on v n Q/Z. 

We conclude that Ai,(P) D /I,,, by Lindelof Theorem. 

Now consider two distinct /1,,-classes Ai and A2 and denote by zi and zi the landing 
points, in Kf{v), of the rays with arguments in Ai and A2, respectively. Since if/y is injective, 
the landing points tpvizi) and iffvizi) of the external rays of P in the v-fiber, with arguments 
in Q',.(Ai) and o-v ^Ai) are distinct. Therefore, Ay(P) = /I,,. □ 

6.2. Combinatorial Tuning. In the classical context of quadratic polynomials, "tuning" 
is the inverse of straightening. Below we will show that, in a combinatorial sense, it is 
possible to find such an inverse. 

Let us first introduce the pull-back of a relation. For a map : A — > B and a relation A 
on a set B, we say that ai e A is y?*/l-related to 02 ^ ^ if ™d only if (p{ai) is /1-related to 

Definition 6.5. Let Aq be a t/-invariant lamination with internal angle system a - (o-,, : 

V — > R/Z). Also, let (/iiOreiroio)! be an invariant rational lamination over r(/l()). 

Given an infinite /io-unlinked class v, denote by n^ > the smallest integer such that 
v' = m"j(v) e \T(Ao)\. Let = or,,- o m"j : v R/Z and A*. = 7T',(Ay'). 

We define the combinatorial tuning TaiAo, (Ai,)) as the smallest equivalence relation in 
Q/Z containing: 
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(i) Aq and, 

(ii) A*,, for all infinite /lo -unlinked classes v. 

Theorem 6.6. Let Aq be a d-invariant rational lamination, a be an internal angle system of 
Ao and (/ii.)i el7'(io)l '^^ invariant rational lamination over T{Aq). Then their combinatorial 
tuning A' — Ta(Ao, (/I,,)) is a d-invariant rational lamination containing Aq. Moreover, the 
following statements hold: 

(i) If Aq and (/ly) are hyperbolic, then A' is hyperbolic. 

(ii) If Aq and (Ay) are post-critically finite, then A' is post-critically finite. 

(iii) If f G 'R(Ao) has rational lamination A', then the rational lamination of^Aoif) 
(Av), where XAq '■ f^i'^o) C(T(Ao)) is the straightening map associated to the 
internal angle system a. 

Proof. Let ^ be the set of non-trivial /Iq -equivalence classes and let S be the union of the 
sets of non-trivial /I* -equivalence classes for all infinite /lo-unlinked classes v. A non-trivial 
/('-equivalence class £ is a maximal set of the form 

N 

(4) E^\Ja„ 

n=l 

for A„ e ^ U S such that for any n, m, there exists a sequence no - n,ni, . . . ,nk - m such 
that A„^ and A„^^^ intersect for all j - \, . . . ,k - 1. Finiteness of E follows from the fact 
the there exists £ and p such that m^(0) = m^^'\6) for all 9 e E, since the same holds for 
£ e y[ U S. Thus it is clear that every /I' -equivalence class is finite. 

Observe that if A,B e ^ U S are disjoint, then A and B are unlinked. Consider 
Ai, A2, Bi, B2 e JlU S such that Ai intersects A2 and Bi intersects B2, and Ai U A2 and 
Bi U B2 are disjoint. Then since Aj is unlinked with both Bi and B2, Bi and B2 are con- 
tained in the same component of R/Z \ Aj. Therefore, Ai U A2 and Bi U B2 are unlinked. 
We repeat this argument and conclude that /I' -equivalence classes are pairwise unlinked. 

To see that A' is closed, consider a sequence of pairs {6„, such that 6„ and 0„ 

0, 0^ —» 0' as n —» 00. If 0„ 6'^ for infinitely many n, then 6 because Aq is closed, 

so it follows that 6 6' . If there exists an infinite /io-unlinked class v such that 6„, 0,' e v 
for infinitely many n, then similarly we have ~a' 6' because AI is closed. Otherwise, by 
passing to a subsequence, we may assume that the convergences 6„ y and 0,' \ 9' are 
monotone, that 0„ and ff^ lie in an infinite /lo-unlinked class v„, and that v„ in - 1,2,...) 
are pairwise disjoint. Then for each «, there exist t„ e (0„, 0„+i), l'„ e {ff„, 9'„^i) such that 
'n ~Ao !■'„ that v„ and v„+i lie in different components of R/Z \ {l„, l'J. Therefore l„ /' 9 
andt; \ 0',thus6i~i„ 6»'. 

To prove the li-invariance of A' , we start with the following observation: Let v be an 
infinite /lo-unlinked class. Then tt,, : v — > R/Z in Definition l6 . 5 [ induces a homeomorphism 
vjAo — > R/Z. Furthermore, 7:mj(v) ° mj o n:^^ : R/Z — > R/Z is well-defined equal to ms(v), 
and 6(v)^Ai,> = /l,v', where v' = m"j{v), w - ot^(v) and w' - m"j (w). Therefore, a /l*-class 
(resp. /l*-unlinked class) A c y is mapped by nid to a /t^^^j^j-class (resp. /l*-unlinked class) 
and it is one-to-one if v is not critical, and i5(Q',,(A))-to-one if v is critical. 

Let £ be a /I'-class of the form (HJi. Then its image 

N 

md(E) = md(A„) 

n=l 

is contained in some /I'-class E'. If E' \ md{E) is nonempty, then there exist some A' e 
^ U S intersecting both E' \ md{E) and md{E). If A' e ^ then there exists a /lo-class 
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A such that md(A) - A' and A intersects E. Moreover, A is not contained in E because 
md(A) - A' <t md{E). This contradicts that E is maximal. Similarly, if A' is a /l*,-class for 
an infinite /lo-unlinked class v', then there exist an infinite /lo-unlinked class v and a /l*-class 
A such that m^(A) - A' and A intersects E but not contained in E, that is a contradiction. 
Therefore, md(E) - E' isa /}' -equivalence class. 

Now we show that nij : E m^iE) is consecutive preserving. First, consider a A'- 
unlinked class L. Then either L is a finite /lo-unlinked class, or L is contained in an infinite 
/lo-unlinked class. If L is a finite /lo-unlinked class, then nidiL) is also a finite /lo-unlinked 
class, which is again a /I'-unlinked class. On the contrary, if L is contained in an infinite /lo- 
unlinked class V, then L is a /l*-unlinked class. By construction, nidiL) is a /l*^^^^,^ -unlinked 
class, which is also a /I'-unlinked class. 

Let (01 , 02) be a component of R/Z \ E. Then there exist 6'^ € (Oi , 62) arbitrarily close to 
0i such that ffy and 6'^ are /I'-unlinked. In fact, if otherwise, there exists some e > such 
that any 6'^ e {61 ,6i+e) and 6'^ e {62 -s, 62) are not /I'-unlinked. Hence there exist sequence 
t„ e (01, 01 -I- 1 In) and s„ e (61 +5,62- s) such that t„ and s„ are /I' -equivalent. By passing 
to a subsequence, we may assume s„ converges to some s e [61 +s,02-s] c (0i, 02)- Since 
we already proved that A' is closed, it follows that 0i and s are /I' -equivalent and s e E, 
that is a contradiction. 

Thus for any e (dOi , d02), there exists some 0'j , O'^ e (0i , 02) such that 0'j and 02 are 
/I'-unlinked and {0'j , 0^} and {0', 0i} are Unked (not unlinked) for any 0' e ' (0) n (0, , 02). 
Since d6[ and dO'^ are also /I'-unlinked, is not /I' -equivalent to dOi. Therefore {d0\,d02) 
is a component of R/Z \ md(E) and we have proved nid : E ^ rnd(E) is consecutive 
preserving. 

It follows that. A' is cZ-invariant. 

For (i), let us further assume that Aq and (A^,) are post-critically finite. Let v' be a finite 
/I'-unlinked class. Then v' is either a finite /lo-unUnked class, or a finite /l*-unlinked class 
for some infinite /lo-unlinked class v. Hence v' is not critical by assumption. Therefore, A' 
is post-critically finite. 

For (ii), if Aq and (/I,,) are hyperbolic, then for each Fatou critical element v' of Ay, 
v' - a|;'(v') is a critical element of A' with 6(v') - 6{v'). Also, since 

2 (6(v') - I) ^ d - I, 

r''eCrit((^,,)) 

all the critical elements of A' are infinite A' unlinked classes. Therefore, A' is also hyper- 
bolic. 

For (iii) assume that / e fiiAo) is such that Af = A'. Then a*/lj,(/)_v, = A'y for v e |r(/lo)| 
by Lemma 16741 hence it suffices to show that A'\- = /I*. Since we have A*, c A'\- by 
definition, we need only show the following: Let £ be a /I'-class of the form ^ and if Ai 
intersects v, then A2, . . . , A^? do not intersect v. 

For « > 2, take a sequence no - 1, "i, ■ • ■ , "a: = « such that A„j intersects A„^^, for 
^ = 0, . . . , ^ - I. We may assume A„j ?i A„j, \f k k' . Furthermore, we may assume 

(5) #(A„j n A„j_^| ) = 2 for any k. 

In fact, at least one of A„j and A„j.^|, say A„j, is a /I*, -class for some v'. Then A,,^^, is not a 
/I*, -class, so it is a /l-class or a /l*„ -class for some v" whose boundary 5v" intersects dv' . If 
A„j^, is a /l-class, then A„j^| n dv contains exactly two points and A„j.^| is contained in A„j. 
If A„j^, is a /l*„ -class, then dv' n 5v" is contained in a /l-class A, so we may add A in the 
sequence between A„j and A„j^| to satisfy the condition (|5]l. 
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Since A„„ is a /l*-class, A„^ is not. In particular, A„^ is contained in a component of 

R/Z \ V. 

For k> I, assume A„^ is contained in a component of R/Z \ v and A„j , is contained in a 
component of R/Z \ A„j. containing v. Then A„j^, lies in a component of R/Z \ A„j. different 
from the component containing A„, , . Since otherwise we have #(A„, , n A„j n A„j^,) > 2, 
which implies that two of them are equal. In particular, A„j is contained in a component 
of R/Z \ A„j^j containing A„, , and v. Therefore, by induction, A„ = A„y is contained in 
a component of R/Z \ v which contains A,,,, that is, A„ n v = 0. Therefore, the rational 
lamination ofxAoif) is (A>)- 

□ 

6.3. Renormalizable set. Our aim now is to characterize laminations with non-empty 
renormalizable set. 

Proposition 6.7. Consider a d-invariant rational lamination such that T(Aq) + 0. Then 
the following statements are equivalent: 

(i) !R(^o) + 0. 

(ii) If A is a critical A^-class and L is an infinite unlinked class in the forward orbit 
of a critical element, then AC\ L — 

Before proving the above result let us introduce an important class of rational lamina- 
tions. 

Definition 6.8 (Primitive invariant laminations). We say a cZ-invariant rational lamination 
is primitive if there do not exist infinite /l-unlinked classes L and L' and /l-class A such that 
L + L' and both L n A and L' n A are nonempty. 

As a direct consequence of the proposition we obtain the following result. 

Corollary 6.9. If M) is a primitive rational lamination and \T{Ao)\, then !R(/lo) 0. 

To prove the proposition, we start with the lemma below, which gives sufficient condi- 
tions for a polynomial / e C(/lo) to be in 'R{Aq). Then the reader may find the proof of the 
proposition after the proof of the lemma. 

Lemma 6.10. Consider an invariant rational lamination /Iq such that the following holds: 
if A is a critical A^-class and L is an infinite unlinked class in the forward orbit of a critical 
element, then A Pi L = 0. Let A — (A^) be a combinatorial Yoccoz puzzle which is a 
generator of A(j. 

There exists K — K{Ao) > such that iff e C(Aq) is such that, 

• for all 6 e supp Aq, the external ray R f(6) lands at a repelling periodic point, and 

• for all 6 e supp the landing point of the external ray Rf(0) is not a critical 
point, 

then f e "RiAo). 

By this lemma, we conclude the existence of X in Theorem l6.3l 

Corollary 6.11. Let Aq be an invariant rational lamination. Then there exists an algebraic 
set X C Poly(ii) of pure codimension one such that "RiAo) D C(Ao) \ X. 

Proof. This is a direct consequence of Lemma l6.10l if Aq satisfies the assumption. 

Otherwise C(/lo) is contained in a proper algebraic subset X of Poly(t/) because every 
/ € C(A()) has a preperiodic critical point of preperiod and eventual period depending only 
on Ai). (Indeed we have "RiAo) - C(/lo) \ X = by PropositionlOj) □ 
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Proof of Lemma 16.701 We claim that under the hypothesis of the lemma Kfiy) - H Pkif, v). 
Directly from the definitions it follows that Kfiy) c p] Pkif, v). Now if z ^ Kf{v), then 
there exists a sector S bounded by /lo-equivalent rays with arguments in v that is disjoint 
from Kf{v) and such that z e 5 . Since A is a generator, there exists k and a sector S ' 
bounded by -equivalent arguments such that z e 5' c 5 by Proposition 14.91 Thus, 
z€Pk{f,v). 

Now in order to show that / e 'R(Aq) we apply the thickening procedure (cf. IIMi2l '). 
More precisely, let kQ be a separation depth. By Proposition 14.91 and the assumption, we 
can take A:o sufficiently large so that for all k > ko and for all v in the forward element of a 
Fatou critical element of Aq, there exists no critical /Ij^-class A which intersects Lk(v), where 
Lk(v) e X.k(^) is the combinatorial puzzle piece of depth k containing v. Then for all v in 
the forward element of a Fatou critical element of Ao, and all k > ko, if the landing point of 
Rf{0) for every 9 € dLkiv) is neither parabolic nor critical, then the thickening procedure 
gives Jordan domains Pkif, v) such that: 

(i) Pkif ,v) c Pkif ,v) ^ Pk-i(f,v), 

(ii) / : Pkif, v) — > Pk-iif, o-^iv)) is a proper map of degree ^^(v) (compare Proposi- 
tion [SJinSill ^"'l' 

(iii) nPkif,v)^nPkif,v)- 

It follows that if we take U', - Pko+t,if,v) and U,, - Pkoif,v) for all v e \TiAo)\, then 
g - if''' ■ U[, — » Ua-i(v)) is the desired polynomial-like map over TiAo) with the appropriate 
fiberwise connected Julia set. Therefore if / € C(/lo) satisfies the assumption for 

K - kQ+ max 

ve\T(A„)\ 

then / e HiAo). □ 

Proof of Proposition \6. 71 [(i)] |(ii)| Assume that / e 'RiAo). Then there exists a 

polynomial-like map g over TiA()) such that Kig,v) - Kfiv) for all v e |r(/lo)|. For 
each V e \TiAQ)\, there exist a neighborhoods U[, ^ Uy such that : U[, — » Ua-^^iv) is 
a proper map of degree 5i(v). In order to conclude that |(ii)| holds, we proceed by con- 
tradiction and suppose that there exists a critical /lo-class A such that A n ot^(v) ^ for 
some < { < if. Note that there are exactly ^i„(v) /lo-classes Bi, . . . , Bg^ (,,) intersecting 

V that map into the /io-class mj (A) under mj . Let Ai, . . . , Aaj(i) be the corresponding 
/{/-classes and t e (A). It follows that the set 

{f' eAi U---UA5,^(,);m^'(f') = f) 

has cardinality strictly greater than S^aiv), since m^J(Aj) - A for at least one j. Therefore, 
the neighborhood U[, of Kfiv) contains the portion inside D fir), for r sufficiently small, of 
at least 6,\aiv) + 1 rays which map onto the same ray under . Hence f'-' : U[, — > Ua-,^{v) 
is not a degree S^oiv) map. 

|(ii)| => [(i)] Assume that |(ii)| holds, according to Lemma 7.2, Corollary 7.3 and the 
proof of Theorem LI in [TCTl, there exists a polynomial / € Cid) with rational lamination 
Af - Aq and no neutral cycles. Hence, we may apply the previous lemma to a generator of 
Aq given by Lemma |4.10| □ 

6.4. Proof of Theorem 16.31 Denote by a the internal angle system. By Theorem l6.6l and 
Lemma 7.2, Corollary 7.3 and the proof of Theorem LI in |Ki|, there exists / e CiAo) with 
no neutral cycles and rational lamination Af = TaiAo, (/!,)) such that every Fatou critical 
point has finite forward orbit. By Proposition 16.71 and Lemma 16.101 it follows that there 
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exists an algebraic set Y c Poly(r(/lo)) of pure codimension one such that / e ??(/lo), 
except when P e Y. More precisely, the assumption of Lemma 16.101 does not hold if 
and only if the landing point of Rp{v, ay(ff)) is a critical point for some v e CO{Ao) and 
6 e supp A/f n dv, where K is in Lemma 16.101 In particular, P has a critical point in the 
Julia set, i.e., P is not hyperbolic. Except for that case, from Theorem 16.61 we conclude 
that Aj^t,f),v = Av for all v e |r(/lo)|. 

Now if f G C(r(/l())) is post-critically finite, then the standard pull-back argument 
shows that P is uniquely determined by its rational lamination. Taking / as in the previous 
paragraph, such that A-^^f) = Ap, then we have that xif) - P- □ 

6.5. Proof of Theorem [Cl Let /lo be a post-critically finite rational lamination. Consider 
a component 'H of HypC(r(/lo)). Our aim now is to show that the image of xao contains 

Consider the unique post-critically finite polynomial map Po e |Mi4, Corollary 4.2]. 
Since Pq is hyperbolic, by Theorem l6.31 there exists /o e 'R{Aq) such that XAaifo) - Pi)- 
Note that 'R{Aq) c C{Aq) is contained in an algebraic set Y of Vo\y{d). Moreover, the 
dynamics of /o over its Julia set is structurally stable in Y. Call W the component of 
structurally stable maps in Y containing /q. We claim that xao^') - 

In order to prove thatXAoW) = we will employ Milnor's parametrization of "H. Let 
7^0 = {\T(i\,crQ, 5(i) be the reduced mapping schema of Pq. Namely, ITqI is the set formed by 
the critical points of Pq, ctq : ITqI — > \T()\ is the first return map under iterations of Pq, and 
^0 : l^ol — > N is the local degree of Po at its critical points. Consider the space B{Tq) of all 
proper holomorphic maps 

yS: |ro|xA-> irolxA 

of the form /3{v,z) - (cro(v'),y6v(z)) where yS,, : A — > A is of degree <5o(v') and the following 
hold: 

• Pv is boundary- rooted, i.e., the extension of to 5 ' - dA satisfies /3v{l) - 1; 

• if V is periodic under cry, then /?,, is fixed point centered, i.e., j6i.(0) = 0; 

• if V is not periodic, then is critically centered, i.e., the sum of its 6{v) - 1 critical 
points (counted with multiplicity) is equal to zero. 

According to Milnor LMi4, Lemma 3.5] B{To) is a topological cell. Now a map O : — > 
B{Tq) is introduced as follows. Given P € "H, appropriate choices for the Riemann map- 
pings, of the critical bounded Fatou components of P, "conjugate" the action of the first 
return map to that of an element <1>(P) of B(To). Milnor showed that O : "TY — > B{Tq) is a 
diffeomorphism 0Mi4l Theorem 4.1']. Using the fact that hybrid conjugacies between the 
/lo-renormalization of / e "TY' and the polynomial maps xif) ^ restrict to conformal 
isomorphisms of bounded Fatou components, the standard quasiconformal surgery argu- 
ment shows that (t> o x : 'H' — > B(To) is onto. Thus, x ■ — > is also surjective and, 
therefore, a bijection. 

Since we have already shown that;^'^„ : "H' — > 'K is a continuous bijection, along the 
same lines of the proof of IIMi4l Theorem 5.1], it follows that xao '■ — > is in fact 
biholomorphic. □ 

7. Compactness 

The main result of this section is to estabUsh the following compactness result which 
generalizes [In3, Theorem 1.3]. 

Theorem 7.1. If Aq is a primitive invariant rational lamination, then C(/lo) = '^(/lo) and 
this set is compact. 
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The reader may find the proofs of Theorem I?. 1 l and Theorem|D]after the statements and 
proofs of the following two lemmas. 

Primitive rational laminations are rich in non-trivial classes: 

Lemma 7.2. Let Aq be a non-trivial invariant rational lamination such that the support of 
is contained in the m^- grand orbit of a finite set. Then /Iq is not primitive. 

Proof. By passing to an iterate, we may assume that the support of is contained in the 
grand orbit of the finite set F - {j/(d - 1); j - 0, . . .,d - 2}. That is, f e F if and only if 
= t. We proceed by contradiction and assume that Aq is primitive. 

Let Ai, . . . , A„ be a complete list (without repetitions) of the /lo-classes contained in F. 
Let / be a polynomial without neutral fixed points such that Af = Aq. Let m be the number 
of non-trivial classes in F and observe that n + m < d - I. 

The union of the closure of the external rays with arguments in F cuts the complex 
plane into d - n regions Ui,. . ., Ud-n, since 

n 

d-n=l+J]{\Aj\-l). 

j=i 

According to Goldberg and Milnor IGMI . for all j, there exists exactly one fixed point zj 
in the region Uj. These fixed points are not the landing point of rational rays since the 
lamination is supported in the grand orbit of F. Therefore, zj is an attracting fixed point, 
for aU j. For each j = I, . . . ,d - n, call Lj the fixed infinite /lo-unlinked class such that 
Zj G Kf(Lj). By Proposition l3.7|(iv)(c)[ it follows that the boundary of Lj intersects a non- 
trivial class contained in F, say A{Lj). Hence, for some j + k, we have that A{Lj) = A(Lj). 
For otherwise, d - n < m, but n + m < d - I. Therefore, Aq is not primitive which gives us 
the desired contradiction. □ 

Lemma 7.3. Consider a non-trivial primitive d-invariant rational lamination A^. Let E be 
the m^-grand orbit of a finite set and A — Aq H ((Q/Z \ E) X (Q/Z \ £)). Then Aq is the 
smallest closed equivalence relation in Q/Z containing A. 

Proof. Let A' be the smallest closed equivalence relation in Q/Z containing A. It follows 
that A' is a t/-invariant rational lamination and A' c Aq. 

Let L() be an infinite periodic /I'-unlinked class, say of period p. We claim that Lq is a /lo- 
unlinked class. For this, consider n : Lq ^ R/Z such that tt o = nid' o tt for some d' > 2. 
Let TTtAf) be the equivalence relation in Q/Z that identifies and 6' if and only if there exists 
f e n^^{0) and s e n^^iff) such that s and f are /lo -equivalent arguments. Observe that TitAo 
is a li'-invariant rational lamination with support contained in 7:(E n Lq). By the previous 
lemma, n^Ao is trivial or it is not primitive. The latter alternative is impossible, since taking 
the preimage of appropriate tt, /lo-unlinked classes we would have that Aq is not primitive. 
Therefore, tt^/Io is trivial. Hence, Lo is a /lo-unlinked class. 

Now let Lo be a strictly preperiodic infinite /I'-unlinked class. We also claim that Lo 
is a /lo-class. In fact, let ^ > 1 be such that m^(Lo) is a periodic /lo-unlinked class. If 
TT : L() — > R/Z is such that n o = m^' o n for some d' > 1, then nid'tintAo) is the trivial 
rational lamination. In particular, every non-trivial ;r»/lo-class is mapped, under m^' onto a 
singleton. Since these classes are unlinked, there are at most d' -I non-trivial ;r,/lo-classes. 
Therefore, either ;r*/lo is trivial and Lo is a /lo-unlinked class, or Aq is not primitive. Thus, 
Lo is a /lo-unlinked class. 

Now to prove that A' = Aq just observe that otherwise we would have an infinite /I'- 
unlinked class that is not a /lo-unlinked class. □ 
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With the previous lemma we may now establish our compactness result. 

Proof of Theorem \7.1\ Assume that / € C(/lo)- In order to show that C(/lo) = 'RiM)) we 
must prove that / is /lo-renormalizable (i.e., / € 'R{Aq)). More precisely, we must extract a 
polynomial-like map g over T{A^)) (see Definition l3.12l ). To extract a polynomial-like map 
from / we will apply the thickening procedure (Lemma I6.IOI 1 to an appropriate Yoccoz 
puzzle. 

We start by finding an appropriate combinatorial Yoccoz puzzle. Let F c Q/Z be the 
set formed by the arguments of external rays of / landing at parabolic or critical points. 
Let m be the minimum common multiple of the periods, under nid, of the arguments in 
the forward orbit of F. Denote by F' c Q/Z the set of all m^z-periodic arguments of 
period dividing m and, by E' the grand orbit of F' . From the previous lemma, there exist 
/lo-classes A\, . . . ,Aj contained in Q/Z \ E' that separate the critical elements of /Iq. The 
support of the depth puzzle will be £0 c Q/Z, the set formed by all periodic arguments 
in the forward orbit of Ai U ■ ■ ■ U Aj. More precisely, let A be the restriction of /lo to £0 x E^). 
For all > 1, let E{ - m^^(Eo) and define A[ as the restriction of /Iq to E( x E(. It follows 
that A = (Af) is a combinatorial Yoccoz puzzle admissible for Aq. Note that, for some 
A: > 0, we have that fi^ D Ai U ■ ■ ■ U Aj. In particular, A is a generator and such a number k 
is a separation depth for Aq. 

Since Ei C\ E' - 0, for all 6 e E(, the landing points of the external ray of angle is a 
non-critical eventually repelling periodic point. By Lemma lB.lOl we have that / e ^?(/l()). 

Now we show that C(/l()) is compact. Due to the compactness of C{d), we only have 
to show that C(/}()) is closed in C{d). For this consider a sequence (/„) of polynomials in 
C(/lo) which converges to / e C{d). Let F c Q/Z be the arguments of the rays landing at 
parabolic periodic points of / or at critical points of /. Denote by E the m^/-grand orbit of 
F. 

We claim that 

^0 n ((Q/Z \ E) X (Q/Z \ £)) c ^/ n ((Q/Z \ E) x (Q/Z \ £)). 

Assume that two arguments 9 and ff in Q/Z \ E are /lo-equivalent. Since the landing points 
of the external rays with arguments 9 and ff are repelling for /, they depend continuously 
on the polynomial in a neighborhood of /. Hence for n sufficiently large, 9 and 9' are 
/l/^ -equivalent if and only if they are /{/-equivalent. Since /l/„ I5 Aq, we have proved that 9 
and ff are A ^-equivalent. 

From the previous lemma and the fact that Af is closed in Q/Z x Q/Z we conclude that 
AfZ)Ao. Hence, / e C(/lo). □ 

Proof of Theorem\Dl Assume that Aq is post-critically finite but not primitive. From the 
previously proven theorem, it is sufficient to show that: 'R(/lo) is not compact and C(/lo) 

mo). 

Let /() e 'R(/lo) be hyperbolic with A^ - Aq. Since Aq is not primitive, there exist two 
periodic Fatou components Oi, Q.2 such ffiat dQ.i n dQ.2 = {xq} where xq is a repelling 
periodic point of period dividing one of those of these two periodic Fatou components, 
say Q.I. We may assume that /o has an attracting (not superattracting) periodic point yo 
in Qi. By Haissinsky's pinching ffieorem BHall IIHa4L there exist a continuous path of 
quasiconformal deformations of polynomials (/,)fe[o,i) such that 

(i) /, converges uniformly to a polynomial f , shrinking progressively some path y 
connecting xq andyo- There exists a semiconjugacy ^ : C ^ C from /o to /i such 
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that is a homeomorphism outside y and its preimages, and sends y to a point, 

as well as each component of the preimages of j. 
(ii) The point x\ - (f(y) is a parabolic periodic point /i and its immediate basin is 

equal to (p{Q.i \ F) where F is the union of y and all the preimages. 
In particular, /o and /i are topologically conjugate on their Julia sets, by tp. Therefore, 
/, e HiAo) for f e [0, 1) but /i e C(/lo) and /i i HiAo). Otherwise, a /io-renormaUzation 
g of /i would satisfy {xi} = K(g, vi) n K{g, V2) where v, is the infinite /lo-unhnked class 
such that Kifo, v,) = Q,. Therefore, xi would be repelUng ( IIMcll Theorem 7.3] and OInll 
Proposition 3.4]) which is a contradiction with (ii). □ 

Remark 7.4. For postcritically finite invariant rational laminations Aq, the remaining prob- 
lem is to characterize when C{Ao) is compact. Note that C(/lo) is known to be compact in 
some cases and non-compact in some other cases. For example, if /Iq is of degree two, then 
C(/l()) is always compact (it is a baby Mandelbrot set). 

On the other hand, the following example shows that C{Aq) is not compact in general. 

Example 7.5. Let Aq be a rational lamination of /()(z) = + 3z/2. The critical points 
±i/ V2 of /() are fixed and the origin lies in the boundaries of their immediate basin of 
attraction. Since fo is real and K(fo) r\R - {0), the external rays of angles and 1/2 are 
the positive and negative real line respectively, so and 5 are /lo-equivalent. 
For// + ^ l,let 

(Note that for jU = 0, is equal to the previously defined /q.) Then the fixed points of 



Figure 10. The Juha sets of and its hmit. 



are 0, a = 




/ and a and the multipliers of a and a are fi and respectively. 



Hence if |yu| < 1, then e C(Aq). Fix A: > 1/2 and let fi„ - I - k/n^ + i/n. Then \j^„\ < 1 
for sufficiently large n, — > 1 , and 

f,Jz)^g.(z)^z^-^/Jl.^]z. 
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Clearly, gk is real and has a repelling fixed point at and a parabolic fixed point at 1 / '\/2k > 
0, hence K(gii) n R is a closed interval and the external rays of angles and 1 /2 do not land 
at the same point, hence i C(/lo) (see Figure [TOt. In particular, C{Ao) is not compact. 
Another example is given in FigurefTT] which was proposed by Goldberg-Milnor IGML 




8. SURJECTIVITY OF STRAIGHTENING MAPS 

8.1. Preliminaries. To prove our surjectivity results we will employ the compactness of 
primitive renormalizable polynomials and the injectivity of straightening proven in previ- 
ous sections together with the nice properties of straightening of quadratic-like families, 
established by Douady and Hubbard in MDH2L We summarize some of these properties as 
follows (compare with IIDH2I Proposition 13 and Chapter IV]). 

Theorem 8.1. Let X be a complex manifold and {ff,]fiex be a holomorphic family of 
quadratic -like maps. Let 

Mx - {^i K(fij) is connected ), 

and denote by 

the corresponding straightening map. That is, x(t^) — c where c e Ai is such that z z^+c 
is hybrid equivalent to ff^. Then the following statements hold: 

• X continuous. 

• For all c e A4, we have that x^^(c) is a complex analytic subspace ofX. 

• IfX has complex dimension one and fiQ € Mx, then there exists a neighborhood V 
of Ho in Mx such that x is either constant on V orxiV) contains a neighborhood 
o/jUo in M. 

We will also need the following lemma on quasiconformal deformations: 
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Lemma 8.2. Let Aq be a d-invariant rational lamination. Let f € 'R{Aq) and XAaif) — 
P € C{T{Aq)). Consider a quasiconformal deformation of P on K(P), i.e., there exists a 
quasiconformal map : C — > C whose complex dilatation is supported on K(P) such that 
o P = Pi o 4, for some Pj e C(T(Ao)). 
Then there exists a quasiconformal deformation f\ e 'R(Aq) of f on K(f) such that 



Proof. Let us denote by ctq the standard complex structure on C and let cr = 4>*cro. Define 
an almost complex structure crj on C as follows: 



where i// - (1^,,) is a hybrid conjugacy from a /l-renormalization of / to P. Then cr is well- 
defined because cr is ^-invariant. Its dilatation is uniformly bounded because cr is defined 
by pullbacks of i/'*o" = (0 o iffy)*crQ by holomorphic maps and pullbacking by holomorphic 
map does not change the maximal dilatation. Furthermore, cr is /-invariant by construc- 
tion. Therefore, by the measurable Riemann mapping theorem, / : (C, cri) — > (C, ci) 
is conformally conjugate to a polynomial f : C — » C. Since this deformation preserves 
external rays and their landing points, we have f e C{Ao) and /lo-renormalization of / 
gives the /lo-renormalization of f. More precisely, let : C — > C be the quasiconformal 
homeomorphism such that ^^cro - cr; and f - (px o f o 0^^'. Take a /lo-renormalization 
g^if : U[,^ f^<r,,„(..)) off. Thengi = (/i : 0i(f/<^,^(,,))) is a /lo-renormalization 

of /i and it is hybrid equivalent to Pi by o 1^ o 0^^' . □ 

8.2. Surjectivity of straightening: primitive disjoint type. 

Theorem 8.3. Let /o e C(d) be an internally angled primitive hyperbolic post-critically 
finite polynomial with rational lamination Aq. If fo has exactly d — I superattracting pe- 
riodic orbits, then the corresponding straightening map XAo ■ f^iM)) ~> Af'^^ is a homeo- 
morphism. 

Proof. Recall that the interior of the Mandelbrot set M is dense in M. Therefore, the 
interior of M''^^ is also dense in The components of the interior of M are either 

hyperbolic (maps with an attracting cycle) or queer. The closure of the union of the hyper- 
bolic components is the complement of the queer components. That is, dM. is contained in 
the closure of the union of the hyperbolic components. 

Let Aq be an internally angled hyperbolic primitive rational lamination of degree d with 
reduced mapping schema of disjoint type. Given d — \ components W\,. . . , Wd-\ of the 
interior of M we will show that Sq - WxX ■ ■ ■ x Wd-\ is in the image of the associated 
straightening vca^ xao- Since 'R{Aq) is compact wAxao is continuous, this implies that;^^^^ 
is surjective. 

Since hyperbolic maps are in the image of XAo^ we have that {dMY^^ is also contained 
in the image. In particular, dW\ x ■ ■ ■ x dWd-\ c XAoil^iM))- Now, for n e { 1 , . . . , c/ - 1 ), let 



Observe that Sd-\ c x Aai'^i'^a)) ■ To prove that So is contained m XAai'^i'^)) it is enough 
to establish the following. 

Claun. For all 1 < n < of - 1, if 5„ c XA^i^iM))), then Sn-i c XA.mM)))- 
Proof of the claim. Let c = (ci, . . . , c^) e 5„. Denote by n : C'"' — > C^^^ the projection 
which forgets the nth coordinate and by n„ : C"'"' — > C the projection onto the nth coordi- 
nate . By Theorem l8.ll (7r°;kf.io)"'(c) is a complex analytic space Y, since post-composition 



XAoifl) = Pi. 




{if>y o f")*a- on f-"{Kf{v)) for some v e \TiAo)\ and n > 0, 
ctq Otherwise, 



5„ = 5Wi X ■ ■ ■ dW„ X W„+i X ■ ■ ■ X Wd-i. 
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ofxAo by projection onto one coordinate is the straightening map of a quadratic-like family. 
After resolution of singularities, we may assume that F is a complex manifold. Moreover, 
°XAo ■ fi{A))<^Y — » A1 is injective, by Theorem|B] Since 'R(Aq) is compact (TheoremlDb 
and the uncountable set dW„ is contained in tt,, ° XAo(fi(A)) ^ Y), there exists / e KiAo) 
contained in a component of dimension at least one of Y such that 7r„ o XAoif) £ dW„. 
Theorem|B]implies that 7r„ oxao is not constant along any one dimensional submanifold of 
Y containing /, therefore n,, °XAo0^i'^o) <^ Y) contains a neighborhood of c„ in Ai, by Theo- 
rem l8.ll From Lemma lS^ we conclude that 7i„ oxa^ (fi{Ao) n Y) contains Wn ■ Hence, for all 
c = (ci , . . . , Crf) € 5„ we have that {ci ) x ■ ■ ■ x {c„_i ) x W„ x ) x ■ ■ ■ x {cj-i } c XaJMAq)) 
and the claim follows. □ 

8.3. Surjectivity of straightening: cubic primitive capture type. 

Theorem 8.4. Let fo € C(3) be an internally angled primitive hyperbolic post-critically 
finite polynomial with rational lamination Aq and reduced mapping schema of capture type, 
then the associated straightening map Xao '■ ^(^o) — > Ai'K is a bijection. 

The proof of Theorem |8.4| is similar to the disjoint case. However we have to be careful 
since the straightening maps involved are discontinuous fln4'|. Nevertheless, we use the 
fact that these maps are continuous along carefully chosen sequences. 

Lemma 8.5. Let f„ : U'^ ^ U„ be a sequence of quadratic-like maps with connected Julia 
sets. Assume that the following hold: 

(i) fn converges to a quadratic -like map f : U' ^ U. More precisely, f„ ^ f 
uniformly on some neighborhood of K{ f; U' , U) as n ^ oo; 

(ii) /„ is hybrid equivalent to g„ e M. 

(iii) g„^ ge M; 

(iv) For any z £ \ntK{g), z e '\ntK{g„) for all sufficiently large n. 

Then we can choose hybrid conjugacy if/,, between /„ and gn such that >]/„ converges to a 
hybrid conjugacy iff between f and g. 

In particular, let Aq be a hyperbolic 3-invariant rational lamination of capture type. Let 
fn —* f be a convergent sequence in "RiAo). If the quadratic renormalization f SI : U'„ —* Un 
of f„ satisfies the above assumption, then XAaifn) — > XAaif)- 

Remark 8.6. The assumption |(iv)| is equivalent to J{gn) — > Jig) in the Hausdorff topology. 
Furthermore , |(iv)| holds if one of the following hold: 

(i) J{g) = K{g), i.e., mlKig) is empty; 

(ii) g lies in the boundary of a hyperbolic component W of M and gn e W — > g 
non-tangentially (see IIMc2ll for the case g parabolic and see lYol for the case g 
has a Siegel disk). 

Proof. Using the tubing construction of hybrid conjugacies IIDH2I . we can always choose 
hybrid conjugacies i/'„ so that there exists some A' > 1 such that ^„ is /T-quasiconformal 
for any n. Therefore, by passing to a subsequence, converges to some quasiconformal 
map i/'. Furthermore, they also proved that hybrid conjugacy constructed by the tubing 
construction depends continuously outside the boundary of M. 

Hence we may assume g e dM. By Theorem l8.1l / is hybrid equivalent to g and ijj is 
a quasiconformal conjugacy between / and g. Let ju = be the complex dilatation of ij/. 
Then, by the equation i/' o / = g o i/r, we have = /i. Since g does not carry an invariant 
line field on its Julia set (otherwise, g must lie in a queer component), we may assume that 
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H vanishes on J{g). Furthermore, since ip„ is holomorphic in the interior of K( f„), fi also 
vanishes on int K{g) by |(iv)| Therefore, i/* is a hybrid conjugacy between / and g. 

For fn^f^ fii^o), let a>„ be the captured critical point for /„ and k be the capture 
time. Then we have;i',,„(/„) = (g„,x„) where x„ = iff„(fl^((f„)). If f„ : U'„ ^ U„ satisfy the 
assumption, then, after passing to the limit, we have x — t//(f''{ai)), where oj is the captured 
critical point for /. Therefore, XAoH) = (g, = lim;i^^„(/„). □ 

Proof of Theorem \8.4\ To simplify notation, here we identify the map h{z) - + c with 
c e C. That is, straightening takes values in the set: 

MK = {(/!, x); Hz) ^z^ + ceM, xe K{h)} 

Observe that if h is hyperbolic and x € int^r(/io), then the pair {h,x) represents a hy- 
perbolic dynamical system over the reduced schema of Aq. By Theorem|C] {h, x) is in the 

image ofxA^- 

Now we consider (/zq, xq) e M'K. To prove that that (/iq, xq) e 'RiAo) we consider two 
cases according to whether ho is in a queer component or not. 

Case I: h() does not lie in any queer component. 

Take sequences /i„ — > /zq and x„ — > xq satisfying |(iv)| in Lemma [831 such that h„ is hy- 
perbolic and x„ G '\vAK{hn). Let /„ G !^(/lo) satisfy = (/;„, x„). Then, by Lemma [831 
wehave;ifi„(/) = (/!o,xo). 

When /lo is in a queer component we further subdivide into two cases according to 
whether the captured other critical forward orbit is finite or not. 

Case Il.a: Assume that /iq g ^ for some queer component ^ and that xq is eventually 
periodic for /iq. 

In this case, we have h^ixo) = /iq(xo) for some j + k. Take hi G c M and an 
eventually periodic point xi for hi, which is the continuation of xq along a path in "W. 
Take fi g "RC/lo) with;t'^„(/i) = (hi,xi). Let wi be the captured critical point for fi and let 
/ > be the capture time. Then we have /j'^'(wi) = f^^'(a>i). 

Now consider the one-dimensional complex analytic sets 

V = {(/, Lo); f G Poly(3), w: critical point for / and f^'(to) = f^'{io)}, 

V = {(/!,x); /! G Poly(2), hHx) = /i*(x)). 

Then (/i,wi) G V and;t'^„(/i) = (/ii,xi) lies in V. Let = ttq o;i^^„(/). By The- 

orem 18.11 we can extend x continuously in a small neighborhood 1/ of fi in V. If x is 
constant on 1/, then;(f^„ is also constant and it contradicts the injectivity ofxAo- Hence j^- is 
non-constant, and we can find (fi, cuii) e 1/ with^(/2, (l)2) g "W. Furthermore, if we move 
/ continuously from fi to /a inx'^i'W) U {/i }, then every periodic point does not bifurcate, 
since they are all repelling for parameters in the closure ofx^i'W). This implies that W2 is 
still a captured critical point. Therefore, /a G 'RiAo) and;t'^„(/2) G V. As before, deforming 
/2 quasiconformally, we obtain a polynomial / G KiAo) with;^^,i„(/) - (ho, xq). 

Case Il.b: Assume that /jq g 'W for some queer component 'W and xo G J(ho){= Kiho)). 

Since periodic points are dense in 7(/io), we can take a sequence x„ xq with x„ 
periodic. Take /„ G 'R{Aq) which satisfy ;k'io(/„) - {ho, x„). Since 'R{Ao) is compact, we may 
assume /„ converges to some / G 'R{Aq). By Lemma [831 we have;if^„(/) = {ho, xq). □ 

8.4. Complex submanifolds and quasiconformality of straightening. Here we prove 
some regularity properties of straightening maps of primitive disjoint type and primitive 
cubic capture type. That is, we finish the proof of theorems |E] and |F] 
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8.4.1. Proof of Theorem^ In view of Theorem l8.3l the straightening map yj„ is surjective. 
We must show that for any Q < k < d-\, given 1 < / 1 < ■ ■ ■ < ik < d-l and ci, . . . ,Ck e M, 
the set 

{/ e 'R(Ao)-XiM) = Cj for all ; = 1, . . . , ^) 
is contained in a codimension k complex submanifold S of Poly(ii). For k - Q, then the 
statement above is clearly true. We proceed recursively and assume that we have proven 
the statement for A: > 0. So let >S be a codimension k complex submanifold such that for 
all / G 'RiAo) n S and for all j - 1, . . . , fe, we have \h?AXij(f)if) - cj. We work in the space 
QX. of quadratic-like germs introduced by IQ. Let 

L(f) = [./' :U'^U]eQ£ 

be the quadratic-like map obtained from / el/ which is hybrid conjugate to +Xitti (./)■ 
Since l is an analytic map and by |L, Lemma 4.25], l{S) is transverse to the foliation of 
hybrid classes at all f e S n 'R{Ao). Therefore, the subset of formed by polynomial f & S 
such that is hybrid conjugate to z -H c,,^, is a codimension one submanifold of S. 

The quasiconformality of x along one dimensional slices as in the statement of Theo- 
rem|El follows directly from E Theorem 4.26]. 

8.4.2. Capture case. In order to complete the proof of Theorem|F]we must establish that 
the straightening map involved is quasiconformal along appropriate slices. The proof is 
similar than that of Buff and Henriksen in |BHe] : We construct a holomorphic motion on 
the filled Julia set and use its quasiconformal extension, obtained via the /l-lemma, to show 
that the straightening map has the desired quasiconformal regularity. 

Proof of Theorem^ Let c e M. and Sc be as in the statement of the theorem. From 
Douady-Hubbard's theorem lSTl it follows that Sc is a complex analytic subspace of Poly(3). 
We take a point /o e !R(/lo) n Sc and denote by a branch of Sc at f). We will show that 
X is quasiconformal on S. Then, by injectivity, we will conclude that there is at most one 
branch of Sc at f). Hence, it will immediately follow that Sc is locally irreducible. 

Consider a family (/'^'o : U[.^ — > t/,,^)/^^ of quadratic-like mappings. Since the hybrid 
class of the elements of this family is constant, it is stable on the whole parameter space 
S, in the sense of Mane-Sad-Sullivan. It follows that the Julia set //(vo) - dKf{v{)) admits 
a holomorphic motion on S IMclll . Furthermore, we have a natural conformal conjugacy 
iff^^oifff : int Kfgivo) — » int/r/(yo) between /o and/, which is also a holomorphic motion on 
S, where i^/ is a hybrid conjugacy between /'^'o : U[.^ — > t/,.„ and Q(z) - £'+c. Gluing both 
holomorphic motions together, we obtain a holomorphic motion hf : Kf^(vo) — > Kf(vQ). 
FoTfeSn "RiAo), we have 

X(f) = (c, («/))) = (c, o hfif'^ (ajf))), 

where co / is the captured critical point. 

By applying the /l-lemma I.MSSJ ISH, hf extends to a holomorphic motion 

h:SxC^C, 

such that /i/ : C — > C is quasiconformal. By the same argument as BBHel Lemma 13], the 
map 

is locally quasiconformal on S. Taking a finite covering of KiAo) n Sc, we conclude that 
X ■ "RiAo) n Sc — > K(Q) extends to a quasiconformal homeomorphism. 

To finish the proof we have to show that fiiAo) is connected. In fact, observe that if C 
is both open and closed in '??(/lo) and Sc is as above, then Sc is either contained in C or 
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disjoint from C. Now;^^i : 'R(Af,) ^ A1 is continuous and C is compact. Therefore, ;t'i(C) 
md x\if^i^o) \ C) are closed and disjoint subsets of M. Then one of these sets must be 
empty, since M is connected. Hence, either C is empty or C = "RiAo). □ 
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